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DU VAL DEL PEZZO SURFACES IN POSITIVE CHARACTERISTIC
TATSURO KAWAKAMI AND MASARU NAGAOKA
Abstract. In this paper, we study Du Val del Pezzo surfaces over an algebraically
closed field of positive characteristic. Such a surface X may satisfy the condition
(NB): all the anti-canonical divisors are singular, (ND): there are no Du Val del
Pezzo surfaces over the field of complex numbers with the same Dynkin type and
Picard rank, and (NL): the pair (Y,E) does not lift to the ring of Witt vectors, where
Y is the minimal resolution and E is its reduced exceptional divisor. On one hand,
we show that (ND) ⇒ (NL) ⇒ (NB). On the other hand, for each condition above,
we determine all the Du Val del Pezzo surfaces with the given condition. We also
give the list of the automorphism groups of Du Val del Pezzo surfaces satisfying one
of them. Furthermore, following Ye’s method of classification of Du Val del Pezzo
surfaces in characteristic zero, we also classify Du Val del Pezzo surfaces of the Picard
rank one in characteristic two or three. Finally, we show that if Du Val del Pezzo
surfaces are Frobenius split, then they satisfy none of the conditions above.
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1. Introduction
We say that X is a Du Val del Pezzo surface if X is a projective surface whose
anti-canonical divisor is ample and which has at most Du Val singularities. Du Val del
Pezzo surfaces have a very important role in algebraic geometry. For example, Du Val
del Pezzo surfaces often appear as general fibers of del Pezzo fibrations with terminal
singularities in positive characteristic [FS20], although a general fiber is smooth in
characteristic zero by the generic smoothness.
Over the field of complex numbers C, Furushima [Fur86] classified the singularities
of X with the Picard rank ρ(X) = 1 in terms of corresponding Dynkin diagrams,
which we call the Dynkin type of X in this paper. For example, we say that X is of
type 3A1 +D4 if X has three A1-singularities and one D4-singularity. In this case, we
also write Dyn(X) = 3A1 + D4 and X = X(3A1 + D4). Later, Ye [Ye02] classified
isomorphism classes of X over C with ρ(X) = 1. Recently, Lacini [Lac20, Theorem
B.7] pointed out that the same result as in [Ye02] holds in characteristic at least five.
In characteristic two, however, Furushima’s classification does not hold. For exam-
ple, Keel–McKernan [KM99, end of Section 9] constructed a Du Val del Pezzo sur-
face X(7A1) of Picard rank one, whose Dynkin type does not appear in Furushima’s
list. Furthermore, Cascini–Tanaka [CT18, Proposition 4.3 (iii)] pointed out that anti-
canonical members of X(7A1) are all singular.
On the other hand, the question of whether a variety admits a lifting to the ring of
Witt vectorsW (k) is often related to pathological phenomena in positive characteristic.
Although each Du Val del Pezzo surface itself is liftable (see Remark 2.7 (3)), we will
see that X(7A1) is not log liftable, where we say that a Du Val del Pezzo surface X
is log liftable if, for the minimal resolution π : Y → X , the pair of Y and its reduced
exceptional divisor Epi lifts to W (k) (see Definition 2.6 and Remark 2.7 (1) for more
details). For this reason, it is natural to relate the pathological phenomena of Du Val
del Pezzo surfaces to their log liftability. We also refer to [CTW17, Lac20, ABL20] for
results on similar liftability of log del Pezzo surfaces.
1.1. Main results. In this paper, we consider the following conditions on Du Val del
Pezzo surfaces in positive characteristic:
Definition 1.1. For a Du Val del Pezzo surface X over an algebraically closed field of
characteristic p > 0, we say that X satisfies:
• (ND) if there exists no Du Val del Pezzo surface XC over C such that Dyn(X) =
Dyn(XC) and ρ(X) = ρ(XC).
• (NB) if anti-canonical members of X are all singular.
• (NL) if X is not log liftable.
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The aim of this paper is for each of the three conditions above to determine all
Du Val del Pezzo surfaces with the given condition. Our main results consist of two
theorems. One is the following theorem, which shows that (ND) ⇒ (NL) ⇒ (NB).
Theorem 1.2. Let X be a Du Val del Pezzo surface over an algebraically closed field
k of characteristic p > 0. Then the following hold.
(1) If a general anti-canonical member is smooth, then X is log liftable.
(2) If X is log liftable, then there exists a Du Val del Pezzo surface over C which
has the same Dynkin type, the same Picard rank, and the same degree as X.
The main idea of the proof is to utilize a smooth anti-canonical member to show
the vanishing of H2(X, TX), which has the obstruction of log lifting. After that, we
construct the desired surface over C from the generic fiber of the log lifting.
The other is the following theorem, where we classify Du Val del Pezzo surfaces
which satisfy (NB).
Theorem 1.3. Let X be a Du Val del Pezzo surface over an algebraically closed field
k of characteristic p > 0. Suppose that anti-canonical members of X are all singular.
Then the following hold.
(0) It holds that K2X ≤ 2 and p = 2 or 3.
(1) When K2X = 1 and p = 2 (resp. p = 3), the Dynkin type of X is E8, D8,
A1 + E7, 2D4, 2A1 +D6, 4A1 +D4, or 8A1 (resp. E8, A2 + E6, or 4A2).
(2) When K2X = 2, we have p = 2 and the Dynkin type of X is E7, A1 + D6,
3A1+D4, or 7A1. Furthermore, the anti-canonical morphism ϕ|−KX | : X → P
2
k
is purely inseparable and hence X is homeomorphic to P2k.
(3) The isomorphism class of X is uniquely determined by its Dynkin type except
when the Dynkin type is 4A1+D4, 8A1, or 7A1. In these cases, the isomorphism
classes of del Pezzo surfaces of type 8A1 (resp. each of types 2D4 and 4A1+D4)
correspond to the closed points of Dn/PGL(n+1,F2) with n = 2 (resp. n = 1),
where Dn ⊂ P
n
k is the complement of the union of all the hyperplane sections
defined over the prime field F2 of k.
(4) The surface X is log liftable if and only if its Dynkin type is not 4A1 +
D4, 8A1, 7A1, or 4A2.
Summarizing these statements, we obtain Table 1.
Table 1.
Dyn(X) E8 D8 A1 + E7 2D4 2A1 +D6
Characteristic p = 2, 3 p = 2
No. of isomorphism classes 1 1 1 ∞ 1
Log liftable?(Y/N) Y Y Y Y Y
4A1 +D4 8A1 A2 + E6 4A2 E7 A1 +D6 3A1 +D4 7A1
p = 2 p = 3 p = 2
∞ ∞ 1 1 1 1 1 1
N N Y N Y Y Y N
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The principal significance of Theorem 1.3 is in the assertion (4). For the log lifta-
bility of X , first we choose a suitable blow-up h : Y → P2k for its minimal resolution
π : Y → X . Next, we interpret h and the reduced exceptional divisor Epi of π via some
configuration of curves in P2k. Finally, we take the same configuration in P
2
W (k) and
construct a W (k)-lifting of (Y,Epi) by blowing up P
2
W (k). For the non-log liftability of
X , the proof falls into two parts. When Dyn(X) = 4A1 +D4, 8A1, or 7A1, we utilize
Theorem 1.2 (2) since Furushima’s list contains none of them. The main difficulty of
the proof of the assertion (4) is to show the non-log in the case where Dyn(X) = 4A2
since Furushima’s list contains it. Firstly, we observe that the log liftability of X(4A2)
would give the extremal rational elliptic surface over C constructed from the Hesse
pencil Λ = {s(x3 + y3 + z3) + t(xyz)}. Then we obtain a contradiction to show that
W (k) must contain the cube root of unity, which appears as the singular member locus
of Λ.
Remark 1.4. • Combining Furushima’s list and Theorems 1.2 and 1.3, we obtain
the following implications for a Du Val del Pezzo surface X :
(NB) ⇐⇒ X is listed as in Table 1,
(ND) ⇐⇒ (NB) and Dyn(X) = 4A1 +D4, 8A1, or 7A1
⇐⇒ Dyn(X) = 4A1 +D4, 8A1, or 7A1,
(NL) ⇐⇒ (NB) and Dyn(X) = 4A1 +D4, 8A1, 7A1, or 4A2.
Since there is a unique X(4A2) in characteristic three, which we will prove in
Theorem 1.7, we also have the following:
(NL) ⇐⇒ Dyn(X) = 4A1 +D4, 8A1, 7A1, or (p,Dyn(X)) = (3, 4A2).
• The list of root bases in the lattice E9−d gives the list of possible Dynkin types
of Du Val del Pezzo surfaces of degree d. When k = C and d = 2 (resp. d = 1),
it is also shown that any root bases are realized as the Dynkin type of a Du Val
del Pezzo surfaces of degree d except 7A1 (resp. 4A1 +D4, 8A1, and 7A1) (See
[Dol12, Chapter 8] and the references given there for more details). Theorem 1.3
shows that 7A1 (resp. each of 4A1+D4 and 8A1) is realized as the Dynkin type
of a Du Val del Pezzo surface of degree two (resp. one) only in characteristic
two. On the other hand, 7A1 cannot be realized as the Dynkin type of a Du
Val del Pezzo surface of degree one in any characteristic. Furthermore, we will
show in Theorem 1.7 that there is no Du Val del Pezzo surface of degree one of
type 2A1 + 2A3 only in characteristic two.
• The second cohomology of the tangent bundle is an important object because its
vanishing implies that there are no local-to-global obstructions to deformations
(cf. [LN13, Theorem 4.13]). Theorem 1.3 asserts that there exists a Du Val del
Pezzo surface X with H2(X, TX) 6= 0 when p = 2 or 3, although this does not
happen when p > 3 (see Proposition 6.7 for more details).
• Theorem 1.3 also gives the description of isomorphism classes of several rational
quasi-elliptic surfaces and, combining Ito’s results [Ito92, Ito94], we obtain the
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complete classification of isomorphism classes of rational quasi-elliptic surfaces
(see Remark 5.23 for more details).
1.2. Automorphism groups. In the proof of Theorem 1.3, we obtain the configu-
rations of curves of anti-canonical degree one in Du Val del Pezzo surfaces satisfying
(NB). By making use of these configurations, we determine the automorphism groups
of such Du Val del Pezzo surfaces.
Theorem 1.5. Let X be a Du Val del Pezzo surface over an algebraically closed field
k of characteristic p > 0. Suppose that anti-canonical members of X are all singular.
Then the automorphism group of X is described in Table 2. Furthermore, suppose that
p = 2. Then for each of types 2D4, 4A1 + D4, and 8A1, there is a unique del Pezzo
surface of the given type such that the group G as in Table 2 is non-trivial.
Table 2.
Dyn(X) Characteristic Automorphism groups
E8
p = 2
{(
a 0 0
0 1 f
0 0 a3
)
∈ PGL(3, k)
∣∣∣a ∈ k∗, f ∈ k}
p = 3
{(
a 0 c
0 1 0
0 0 a3
)
∈ PGL(3, k)
∣∣∣a ∈ k∗, c ∈ k}
D8
p = 2
k
A1 + E7 k
∗
2D4 (k
∗ ⋊G)⋊ Z/2Z with G = {1} or Z/3Z
2A1 +D6 Z/2Z
4A1 +D4 (Z/2Z)
2 ⋊G with G = {1} or Z/3Z
8A1 (Z/2Z)
3 ⋊G with G = {1} or Z/7Z
A2 + E6 p = 3
k∗ ⋊ Z/2Z
4A2 GL(2,F3)
E7
p = 2
{(
a 0 d2a
d 1 f
0 0 a3
)
∈ PGL(3, k)
∣∣∣a ∈ k∗, d ∈ k, f ∈ k}
A1 +D6
{(
1 0 e2+1
d e e2+e+d
0 0 e2
)
∈ PGL(3, k)
∣∣∣∣d ∈ k, e ∈ k∗
}
3A1 +D4 k
∗ ⋊ PGL(2,F2)
7A1 PGL(3,F2)
Remark 1.6. We can deduce the scheme structures of the automorphism groups of
rational quasi-elliptic surfaces from Theorem 1.5, which are not given in [Ito92, Ito94].
On the other hand, what is still lacking is the determination of the scheme structures of
the automorphism groups of Du Val del Pezzo surfaces, since the contraction of (−2)-
curves may thicken the scheme structures of the automorphism groups (see Remark
5.27 for more details).
1.3. Classification of Du Val del Pezzo surfaces of Picard rank one. Combining
Theorem 1.3 and the method used in [Ye02], we give the complete classification of Du
Val del Pezzo surfaces with Picard rank one in positive characteristic. On the other
hand, in characteristic two or three, Artin [Art77] pointed out that Dynkin types
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do not determine the isomorphism classes of Du Val singularities, and he classified
isomorphism classes of Du Val singularities via Artin coindices. By calculating the
defining equations of some Du Val del Pezzo surfaces in weighted projective spaces
carefully, we also show that a Du Val del Pezzo surface is determined uniquely up to
isomorphism by its Dynkin type with Artin coindices except when there is infinitely
many isomorphism classes of Du Val del Pezzo surfaces with the given Dynkin type.
Theorem 1.7. Let X be a Du Val del Pezzo surface over an algebraically closed field
k of characteristic p > 0. Suppose that X is singular and the Picard rank of X is one.
Then the following holds.
(1) The Dynkin types of X and the number of the isomorphism classes of the del
Pezzo surfaces with the given Dynkin type are listed in Table 3.
(2) When p = 2 (resp. p = 3), X is uniquely determined up to isomorphism by the
Dynkin type of X with Artin coindices except when its Dynkin type is D8, 2D4,
4A1 +D4, or 8A1 (resp. 2D4).
Table 3.
Dyn(X) E8 A1 + E7 D8
Characteristic p = 2, 3 p > 3 p > 0 p = 2 p > 2
No. of isomorphism classes 3 2 2 ∞ 1
A8 2A4 2A1 +D6 A1 + A2 + A5 A3 + A5 A1 + A7 A2 + E6 2D4
p > 0
1 1 1 1 1 1 2 ∞
2A1 + 2A3 4A2 4A1 +D4 8A1 E7 A7
p > 2 p > 0 p = 2 p = 2 p = 3 p > 3 p > 0
1 1 ∞ ∞ 3 2 1 1
A1 +D6 A2 + A5 3A1 +D4 A1 + 2A3 7A1 E6
p = 2 p > 2 p > 0 p = 2 p = 2, 3 p > 3
2 1 1 1 1 1 2 1
A1 + A5 3A2 D5 2A1 + A3 A4 A1 + A2 A1
p > 0 p = 2 p > 2 p > 0 p > 0 p > 0 p > 0
1 1 2 1 1 1 1 1
1.4. Relation with a Frobenius splitting. As we have seen, Du Val del Pezzo
surfaces in characteristic p > 3 behave similarly to those over C. Indeed, when p > 3,
no Du Val del Pezzo surfaces satisfy (NB) by Theorem 1.3 (0). One may ask whether
this is still true if we replace the assumption p > 3 as a Frobenius splitting (F -splitting
for short) property, which is expected to induce similar properties to those of varieties
in characteristic zero. We show the following theorem which supports this expectation.
Theorem 1.8. Let X be a Du Val del Pezzo surface over an algebraically closed field of
characteristic p > 0. If X is F -split, then a general anti-canonical member is smooth.
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For the proof, we may assume that p = 2 or 3 by Theorem 1.3 (0). When p = 2,
we utilize the fact that a splitting section F∗OX → OX can be considered as an
anti-canonical member. On the other hand, when p = 3, we use the classification of
Dynkin types of X with Artin coindices. For example, we will observe in the proof of
Theorem 1.7 that X(E8) satisfying (NB) has an E
0
8-singularity, which is not F -pure
(see Definition 8.1).
This paper is structured as follows. In Section 2, we recall some facts on liftability
of pairs, Du Val del Pezzo surfaces, and rational genus one fibrations. In Section 3, we
prove Theorem 1.2 via the vanishing of the second cohomology of the tangent sheaf.
In Sections 4–6, we prove Theorem 1.3 by using the classification of the configuration
of reducible fibers of rational quasi-elliptic surfaces by Ito [Ito92, Ito94]. Furthermore,
we prove Theorem 1.5 in Section 5 by observing the configuration of curves with anti-
canonical degree one in Du Val del Pezzo surfaces in detail. In Section 7, we prove
Theorem 1.7 following the method used by Ye [Ye02]. We also calculate the defining
equations of some Du Val del Pezzo surfaces to determine their Dynkin types with
Artin coindices. Finally, in Section 8, we prove Theorem 1.8.
Notation. We work over an algebraically closed field k of characteristic p > 0. A
variety means an integral separated scheme of finite type over k. A curve (resp. a
surface) means a variety of dimension one (resp. two). Throughout this paper, we also
use the following notation:
• Fq: the finite field of order q.
• W (k) (resp. Wn(k)): the ring of Witt vectors (resp. the ring of Witt vectors of
length n).
• Ef : the reduced exceptional divisor of a birational morphism f .
• ρ(X): the Picard rank of a projective variety X .
• Ω[i]X : the reflexive hull of the i-th Ka¨hler differential Ω
i
X of a normal variety X .
• TX := HomOX (ΩX ,OX): the tangent sheaf of a normal variety X
• TX(− logE) := HomOX (ΩX(logE),OX): the logarithmic tangent bundle of a
smooth variety X and a simple normal crossing divisor E on X .
• MW(X): the Mordell-Weil group of a (quasi-)elliptic surface X .
2. Preliminaries
2.1. Liftability to the ring of Witt vectors. In this subsection, we review a general
theory of liftablity to the ring of Witt vectors.
Definition 2.1. Let T be a spectrum of W (k) or Wn(k) for some n > 0. Let Y be a
smooth separated scheme over T and E :=
∑r
i=1Ei be a reduced divisor on Y , where
each Ei is an irreducible component of E. We say that E is simple normal crossing
over T if, for any subset J ⊆ {1, . . . , r} such that
⋂
i∈J Ei 6= ∅, the scheme-theoretic
intersection
⋂
i∈J Ei are smooth over T of relative dimension dim Y − dimT − |J |.
Definition 2.2. Let Y be a smooth separated scheme over SpecWn(k) and E be a
simple normal crossing divisor over SpecWn(k) on Y . We write E =
∑r
i=1Ei, where
each Ei is an irreducible component of E. We say that the pair (Y,E) lifts to the Witt
ring W (k) (resp. Wm(k), where m > n) if there exist
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• a smooth and projective morphism Y → SpecW (k) (resp. SpecWm(k)) and
• effective divisors E1, . . . , Er on Y such that E :=
∑r
i=1 Ei is simple normal cross-
ing over SpecW (k) (resp. SpecWm(k))
such that Y ⊗W (k) Wn(k) = Y and Ei ⊗W (k) Wn(k) = Ei (resp. Y ⊗Wm(k) Wn(k) = Y
and Ei ⊗Wm(k) Wn(k) = Ei) for i = 1, 2, . . . , r.
The following lemma is a log version of [FGI+05, Theorem 8.5.9]. It seems to be
well-known for experts, but we include the sketch of proof for the readers’ convenience.
Lemma 2.3 (cf. [Fuj82, Theorem (A1)]). Let Y be a smooth projective variety and E
a simple normal crossing divisor on Y . If H2(Y, TY (− log E)) = H
2(Y,OY ) = 0, then
(Y,E) lifts to W (k).
Proof. Let (Y n, En) be a lifting of (Y,E) over Wn(k). We first see that (Y
n, En) is
liftable to Wn+1(k). Since (Y
n, En) is simple normal crossing over Wn(k), we can
take an affine open covering {Ui} of Y such that (Ui, E|Ui) lifts to Wn+1(k). Then for
each i and any open subset U of Ui, the set of equivalence classes of such liftings is
a torsor under the action of Hom(ΩU (logE), p
n−1OU ). We refer to the arguments of
[EV92, Section 8] for the details. Then by a similar argument as in [FGI+05, Theorem
8.5.9 (b)], the obstruction for the lifting of (Y n, En) over Wn+1(k) is contained in
H2(Y, TY (− log E)). Thus the vanishing of H
2(Y, TY (− log E)) gives a lifting of Y
and Ei as formal schemes. Since H
2(Y,OY ) = 0, they are algebraizable and we get a
projective scheme Y over W (k) and a closed subscheme E :=
∑r
i=1 Ei on Y such that
Y ⊗W (k)Wn(k) = Y
n and Ei⊗W (k)Wn(k) = E
n
i for each n and i by [FGI
+05, Corollary
8.5.6 and Corollary 8.4.5]. We take a subset J ⊆ {1, . . . , r}. Since (
⋂
i∈J Ei) ⊗W (k)
Wn(k) =
⋂
i∈J E
n
i is smooth over Wn(k) for all n > 0 and Y is projective over W (k),
[Gro61, Chapitre 0, Proposition (10.2.6)] and [Gro66, The´ore`me 12.2.4 (iii)] show that⋂
i∈J Ei is smooth of relative dimension dimY−dimW (k)−|J | except when
⋂
i∈J Ei = ∅.
Therefore (Y , E =
∑r
i=1 Ei) is a lifting of (Y,E) over W (k). 
2.2. Du Val del Pezzo surfaces. In this subsection, we gather the basic results of
Du Val del Pezzo surfaces.
Definition 2.4. Let X be a normal projective surface. We say that X is a Du Val del
Pezzo surface if −KX is ample and X has only Du Val singularities. We write Dyn(X)
for the Dynkin type of X .
Lemma 2.5. Let X be a Du Val del Pezzo surface and d := K2X . Then the following
hold.
(1) dim | −KX | = d.
(2) | −KX | has no fixed part.
(3) A general anti-canonical member is a locally complete intersection curve with
arithmetic genus one. Moreover, if p > 3, then a general anti-canonical member
is smooth.
(4) If d ≥ 3, then ω−1X is very ample.
(5) If d = 4, then X is isomorphic to a complete intersection of two quadric hyper-
surfaces in P4k.
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(6) If d = 3, then X is isomorphic to a cubic hypersurface in P3k.
(7) If d = 2, then ω−1X is globally generated and X is isomorphic to a weighted
hypersurface in Pk(1, 1, 1, 2) of degree four.
(8) If d = 1, then | − KX | has the unique base point and X is isomorphic to a
weighted hypersurface in Pk(1, 1, 2, 3) of degree six.
Proof. We refer to [BT19, Propositions 2.10, 2.12, 2.14 and Theorem 2.15] and [Kaw20,
Proposition 4.6] for the proof. 
Definition 2.6. Let S be a normal surface. We say that S is log liftable if the pair
(T,Epi) lifts to W (k) for any log resolution π : T → S.
Remark 2.7. (1) In the notation of Definition 2.6, if the minimal resolution f : U →
S is a log resolution, then the liftability of (U,Ef ) to W (k) is equivalent to
the log liftability of S. This follows from the fact that if a simple normal
crossing pair (Y,D) lifts to W (k), then so does (Z, g−1∗ D+Eg) for any blow-up
g : Z → Y at a point. In this paper, we often show the log liftability of a normal
projective surface S with only Du Val singularities by checking the liftability
of the minimal resolution (U,Ef) instead.
(2) Several authors [CTW17, Lac20, ABL20] investigate the existence of liftability
of some log resolution to characteristic zero over a smooth base (see [CTW17,
Definition 2.15] for the definition). We remark that liftability to W (k) is equiv-
alent to liftability to characteristic zero over a smooth base (see [ABL20, Propo-
sition 2.5]). On the other hand, to the best of our knowledge, it is unknown
whether the liftability of some log resolution to W (k) implies its log liftability.
(3) Let X be a normal projective surface with rational singularities and negative
Kodaira dimension. Since a resolution of X lifts to W (k), which is well-known
for experts, X is formally liftable to W (k) by [LS14, Proposition 2.1]. Since
H2(X,OX) = 0, the formal lifting of X is algebraizable. In particular, all Du
Val del Pezzo surfaces lift toW (k). On the other hand, as we will see in Section
6, there exist Du Val del Pezzo surfaces which are not log liftable.
(4) Let X be a Du Val del Pezzo surface and π : Y → X be the minimal resolution.
Then X is log liftable if and only if (Y,Epi) lifts to W2(k). Indeed, if the latter
holds, then H2(Y, TY (− logEpi)) ∼= H
0(Y,ΩY (logEpi) ⊗ ωY ) = 0 by [Lan16,
Proposition 4.1] since −KY is nef and big. Together with H
2(Y,OY ) = 0
and Lemma 2.3, the W2(k)-liftability of (Y,Epi) induces the W (k)-liftability of
(Y,Epi).
2.3. Rational genus one fibrations. In this subsection, we compile the results on
rational quasi-elliptic surfaces by Ito [Ito92, Ito94] and about rational extremal elliptic
surfaces by Lang [Lan91, Lan94]. We will use the former in Sections 4–7 and the latter
in Section 7.
Theorem 2.8 ([Ito92, Ito94]). When p = 2 (resp. p = 3), the configurations of re-
ducible fibers of rational quasi-elliptic surfaces and the order of their Mordell-Weil
groups are listed in Table 4 (resp. Table 5) using Kodaira’s notation.
Moreover, there is a unique rational quasi-elliptic surface with each configuration of
reducible fibers in the table except when p = 2 and the type is one of (d), (f) and (g).
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Table 4.
No. Singular fibers |MW(X)| No. Singular fibers |MW(X)|
(a) II∗ 1 (e) I∗2, III, III 4
(b) I∗4 2 (f) I
∗
0 and four III 8
(c) III∗, III 2 (g) eight III 16
(d) I∗0, I
∗
0 4
Table 5.
No. Singular fibers |MW(X)|
(1) II∗ 1
(2) IV∗, IV 3
(3) four IV 9
Remark 2.9. The configurations of the sections and reducible fibers of rational quasi-
elliptic surfaces are also given in [Ito92, Ito94]. In Sections 4–7, we often refer to
these configurations. Note that [Ito94, Table 2] contains misprints, which explains the
configuration for rational quasi-elliptic surfaces of type (f). Table 6 is a correction of
this table.
Table 6.
β = 0 β =∞ β = α1 β = α2
Section intersecting O,R2 O,Q2 O,Q2 O,R2
with Θβ,0 R1, P3 P3, Q1 R1, P2 P2, Q1
Section intersecting P1, Q2 P1, R2 P1, R2 P1, Q2
with Θβ,1 P2, Q1 R1, P2 P3, Q1 R1, P3
γ = 1
Section intersecting with Θγ,0 O,P1
Section intersecting with Θγ,1 Q2, R2
Section intersecting with Θγ,2 Q1, R1
Section intersecting with Θγ,3 P2, P3
On the other hand, what was still lacking in [Ito94] is a parametrizing space of the
isomorphism classes of rational quasi-elliptic surfaces of each of types (d), (f), and (g).
In this paper, we give these parametrizing spaces in Remark 5.23.
Theorem 2.10 ([Lan91, Lan94, Ito02]). When p = 2 (resp. p = 3), the configurations
of singular fibers of extremal rational elliptic surfaces and the order of their Mordell-
Weil groups are listed in Table 7 (resp. Table 8) using Kodaira’s notation. Moreover,
there is a unique extremal rational elliptic surface with each configuration of singular
fibers in the table except for the type I (resp. type VI). In this case, there are infinitely
many isomorphism classes of extremal rational elliptic surfaces with that configuration
of singular fibers.
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Table 7.
No. Singular fibers |MW(X)| No. Singular fibers |MW(X)|
I I∗4 2 VII IV, IV
∗ 3
II II∗ 1 VIII IV, I2, I6 6
III III, I8 4 IX IV
∗, I1, I3 3
IV I∗1, I4 4 SI I9, I1, I1, I1 3
V III∗, I2 2 SII I5, I5, I1, I1 5
VI II∗, I1 1 SIII I3, I3, I3, I3 9
Table 8.
No. Singular fibers |MW(X)| No. Singular fibers |MW(X)|
I II∗ 1 VIII I∗1, I1, I4 4
II II, I9 3 IX I
∗
2, I2, I2 4
III IV∗, I3 3 X I
∗
4, I1, I1 2
IV II∗, I1 1 XI III
∗, I1, I2 2
V III∗, III 2 SI I8, I2, I1, I1 4
VI I∗0, I
∗
0 4 SII I5, I5, I1, I1 5
VII III, I3, I6 6 SIII I4, I4, I2, I2 8
3. Proof of Theorem 1.2
This section is devoted to proving Theorem 1.2. The following lemma shows that
the obstruction of the log liftability of a Du Val del Pezzo surface X lies in H2(X, TX).
Lemma 3.1. Let X be a normal projective surface and π : Y → X be a log resolution.
Then there exists a natural injective map H2(Y, TY (− log Epi)) →֒ H
2(X, TX).
Proof. Since π∗(ΩY (log Epi)) ⊗ ωY is torsion-free, there exists a natural injective map
π∗(ΩY (log Epi)⊗ ωY )→ (π∗(ΩY (log Epi))⊗ ωY )
∗∗ = (Ω
[1]
X ⊗ ωX)
∗∗. Hence
H2(Y, TY (− log Epi)) ∼= H
0(Y,ΩY (log Epi)⊗ ωY )
= H0(X, π∗(ΩY (log Epi)⊗ ωY ))
⊂ H0(X, (Ω
[1]
X ⊗ ωX)
∗∗)
∼= H2(X, TX).
and the assertion holds. 
The next lemma follows by essentially the same method as in [Kaw20, Theorem 4.8],
but we include the proof for completeness.
Lemma 3.2. Let X be a Du Val del Pezzo surface whose general anti-canonical member
is smooth. Then H2(X, TX) = 0.
Proof. For the sake of contradiction, we assume that H2(X, TX) ∼= H
0(X, (Ω
[1]
X ⊗
ωX)
∗∗) 6= 0. Then there exists an injective map s : ωX →֒ Ω
[1]
X . Let C ∈ | −KX | be a
general member and s|C : ω
−1
X |C → Ω
[1]
X |C be the restriction of s on C. Then the gener-
ality of C shows that C is a smooth elliptic curve, s|C is injective, and Ω
[1]
X |C = Ω
1
X |C .
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Let t : ω−1X |C → ωC be the composition of s|C : ω
−1
X |C →֒ Ω
1
X |C and the canonical map
Ω1X |C → ωC. By the conormal exact sequence, we obtain the following diagram.
ω−1X |C
yy
s|C

t
""❉
❉
❉
❉
❉
❉
❉
❉
❉
❉
0 // OC(−C) // Ω
1
X |C // ωC // 0.
Then t is the zero map since ω−1X |C is ample and ωC = OC . Hence the above dia-
gram induces an injective map ω−1X |C →֒ OC(−C), but this is a contradiction because
OC(−C) = OC(KX) is anti-ample. 
Lemmas 3.1 and 3.2 may be summarized by saying that (NL) ⇒ (NB). Finally, we
prove that (ND) ⇒ (NL).
Lemma 3.3. Let X be a Du Val del Pezzo surface. If X is log liftable, then there
exists a Du Val del Pezzo surface over C which has the same Dynkin type, the same
Picard rank, and the same degree as X.
Proof. Let π : Y → X be the minimal resolution. We denote by Epi :=
∑r
i=1Ei the
irreducible decomposition. Let (Y , E :=
∑r
i=1 Ei) be a W (k)-lifting of (Y,Epi). We take
a field K of finite transcendence degree over Q such that the genetic fiber of Y and
that of each Ei are defined over K. Then there is an inclusion K ⊂ K ⊂ C, where
K is an algebraic closure of K. For a field extension K ⊂ F , we use the notation
YF := Y ⊗K F and Ei,F := Ei⊗K F for each i. Since the geometrical connectedness are
open property by [Gro66, The´ore`me 12.2.4 (viii)], YC and Ei,C are smooth varieties.
Since EC :=
∑r
i=1Ei,C has the same intersection matrix as Epi, we have a contraction
πC : YC → XC of EC and XC has the same Dynkin type as X . By the crepantness of π
and πC, we obtain K
2
X = K
2
Y = K
2
YC
= K2XC.
Next, we prove that XC is a Du Val del Pezzo surface. For the sake of contradiction,
we assume that −KXC is not ample. Since K
2
X
K
= K2XC > 0, there exists an integral
curve C0 ⊂ YC defined over K such that C0 is not contained in EC and (−KYC ·C0) ≤ 0.
We take a finite extension field L of K such that C0 is defined over L and write
C :=
∑
σ∈Gal(L/K) σ(C0), which is defined over K. By the choice of C0, there is no
components contained in both CL := C ⊗K L and EL. We denote by C the closure of
C in Y and define an effective divisor Ck := C ⊗W (k) k.
Now, assume that SuppCk ⊂ Epi. Then we can write Ck =
∑
i∈J aiEi for some
J ⊂ {1, 2, . . . r} and some ai > 0. Since CL and EL have no common components,
we have C2k = (CL ·
∑
i∈J aiEi,L) ≥ 0, a contradiction with the negative definiteness
of Epi. Thus there exists an integral curve C
′
k ⊂ Ck such that C
′
k is not contained
in Epi. Since −KY is nef, we have 0 ≤ (−KY · C
′
k) ≤ (−KY · Ck) = (−KYK · C) =
|Gal(L/K)|(−KYC ·C0) ≤ 0. Hence (−KY ·C
′
k) = (−KX · π∗(C
′
k)) = 0, a contradiction
with the ampleness of −KX . Therefore, XC is a Du Val del Pezzo surface.
Finally, we show that ρ(X) = ρ(XC). Since Y and YC is a smooth rational surface,
we have ρ(YC) = 10−K
2
YC
= 10−K2Y = ρ(Y ). Then we obtain ρ(X) = ρ(XC) because
πC contracts the same number of (−2)-curves as π. 
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Now we can prove Theorem 1.2.
Proof of Theorem 1.2. The assertion (1) follows from Lemmas 2.3, 3.1, and 3.2. The
assertion (2) follows from Lemma 3.3. 
4. Dynkin types
In this section, we determine the Dynkin types of Du Val del Pezzo surfaces satisfying
(NB) by using Ito’s results on rational quasi-elliptic surfaces [Ito92, Ito94]. By Lemma
2.5, such a del Pezzo surface is of degree at most two, and p = 2 or 3. First, we treat
the case where the degree is one.
Proposition 4.1. There is one to one correspondence between the isomorphism classes
of Du Val del Pezzo surfaces of degree one satisfying (NB), and the isomorphism classes
of rational quasi-elliptic surfaces.
Proof. Let X be a Du Val del Pezzo surface of degree one satisfying (NB). Take π : Y →
X as the minimal resolution. Since a general member of | −KY | is disjoint from Epi,
it is isomorphic to its image by π. Thus members of | −KY | are also all singular. On
the other hand, the base locus of | − KY | consists of one point, say y. The blow-up
g : Z → Y at y gives an elimination f : Z → P1k of the anti-canonical map. Since any
two members of | − KY | intersect transversely with each other at y, each f -fiber is
isomorphic to its image on Y . In particular, f : Y → P1k is a quasi-elliptic fibration and
Eg is an f -section.
Z
g
//
f
''❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖ Y
pi
// X
ϕ|−KX |

P1k
Thus we make a correspondence from the isomorphism classes of such del Pezzo surfaces
to those of pairs of quasi-elliptic surfaces and sections. Since MW(Z) acts on the set of
f -sections transitively, an isomorphism class of the pair of a quasi-elliptic surface and a
section is the same as that of a quasi-elliptic surface. Hence we have the assertion. 
Corollary 4.2. Let X be a Du Val del Pezzo surface of degree one satisfying (NB).
Then Dyn(X) = E8, A2 + E6, or 4A2 when p = 3, and Dyn(X) = E8, D8, A1 + E7,
2D4, 2A1 +D6, 4A1 +D4, or 8A1 when p = 2.
Proof. By Proposition 4.1, the minimal resolution of X is obtained from a rational
quasi-elliptic surface by contracting a section. By Theorem 2.8, quasi-elliptic surfaces
are classified into 10 types. When p = 3, rational quasi-elliptic surfaces of type (1),
(2), and (3) as in Table 5 correspond to del Pezzo surfaces of type E8, A2 + E6 and
4A2 respectively. When p = 2, rational quasi-elliptic surfaces of type (a), (b), (c), (d),
(e), (f) and (g) as in Table 4 correspond to del Pezzo surfaces of type E8, D8, A1+E7,
2D4, 2A1 +D6, 4A1 +D4 and 8A1 respectively. 
Next, we treat the case where the degree is two. The following proposition claims
that the anti-canonical double covering must be purely inseparable.
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Proposition 4.3. Let X be a Du Val del Pezzo surface with K2X = 2. Suppose that
the anti-canonical double covering ϕ|−KX | : X → P
2
k is separable. Then a general anti-
canonical member is smooth.
Proof. Take the minimal resolution π : Y → X . Let t ∈ P2k be a general point and
V ⊂ |−KY | the pullback of the pencil of lines in P
2
k passing through t. The base locus
of V consists of two points, say y1 and y2, such that there are no (−1)-curves passing
through y1 or y2 because t is general and there exist only finitely many (−1)-curves on
Y . Let g : Z → Y be the blow-up at y1 and y2, and Ei the g-exceptional divisor over
yi for i ∈ {1, 2}. Then g gives an elimination f : Z → P
1
k of the pencil ϕV : Y 99K P
1
k.
Since every two members of V intersect transversely at y1 and y2, a general f -fiber is
isomorphic to its image on Y .
Z
g
//
f
''◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆ Y
pi
// X
ϕ|−KX |
//
ϕV

P2k
P1k
Now let us show that a general member of | −KX | is smooth. Conversely, suppose
that members of | −KX | are all singular. Then f : Y → P
1
k is a quasi-elliptic fibration,
and E1 and E2 are f -sections by the same arguments as in Proposition 4.1. Since
there are no (−1)-curves on Y which through y1 or y2, each (−2)-curves in Z either
intersects with both E1 and E2 or is disjoint from both E1 and E2. By [Ito92, Figures
1–3] and [Ito94, Figures 8, 10, and 11], such sections can exist only when Z is of type
(g). Hence Z has eight reducible fiber. This implies, however, Y contains eight disjoint
(−2)-curves, a contradiction with ρ(Y ) = 8. Hence we have the assertion. 
Proposition 4.4. Let X be a Du Val del Pezzo surface with K2X = 2 satisfying (NB).
Then p = 2 and Dyn(X) = E7, A1 +D6, 3A1 +D4, or 7A1.
Proof. By Proposition 4.3, the anti-canonical double covering ϕ|−KX | : X → P
2
k is purely
inseparable. In particular, we have p = 2. Take the minimal resolution π : Y → X .
Let t ∈ P2k be a general point and V ⊂ |−KY | the pullback of the pencil of lines in P
2
k
passing through t. By the generality of t, the base locus of V consists of one point, say
y, and no (−1)-curves passes through y. For general two members C1 and C2 of V , they
intersect with each other at y with multiplicity two since ϕ|−KX | is a homeomorphism.
Moreover, one of them is smooth at y since otherwise 2 = (K2Y ) = (C1 ·C2) ≥ 4. Thus
general members of V are smooth at y, and have the same tangent direction at y.
Hence there is a point y′ infinitely near y such that the blow-up g : Z → Y at y and y′
gives an elimination f : Z → P1k of the pencil ϕV : Y 99K P
1
k. Since a general member
of V is smooth at y, a general f -fiber is isomorphic to its image on Y . In particular,
f : Y → P1k is a quasi-elliptic fibration. By construction, Eg consists of a (−1)-curve
E1 and a (−2)-curve E2. In particular, E1 is an f -section and E2 is contained in a
reducible f -fiber.
Suppose that the f -fiber containing E2 has simple normal crossing support. Then
there is another (−2)-curve C intersecting with E2. Since C and E2 are contained in
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the same f -fiber, E1 is disjoint from C. This implies, however, g∗C is a (−1)-curve
passing through y, a contradiction with the choice of y. Hence E2 is contained in a
reducible f -fiber without simple normal crossing support. Theorem 2.8 now shows that
E2 is contained in a reducible f -fiber of type III, where we use Kodaira’s notation, and
Y is one of the types (c), (e), (f), and (g) as in Table 4. By [Ito94, Figures 8, 10 and
11], we conclude that Dyn(X) = E7, A1 +D6, 3A1 +D4, or 7A1. 
Remark 4.5. For a Du Val del Pezzo surface X of degree two, we remark the anti-
canonical double covering ϕ|−KX | is purely inseparable if and only if X has a µ2-action
and ϕ|−KX | is the µ2-quotient. In particular, if X satisfies (NB), then ϕ|−KX | is the
µ2-quotient.
Indeed, X is embedded in P(1, 1, 1, 2) as a weighted hypersurface and its defining
equation is of the form w2+wf2(x, y, z)+f4(x, y, z), where x, y, z, and w are coordinates
with wt(x) = wt(y) = wt(z) = 1 and wt(w) = 2, and fi is a homogeneous polynomial
of degree i. Since ϕ|−KX | is the restriction of the projection Π: P(1, 1, 1, 2) 99K P
2
k from
[0 : 0 : 0 : 1] on X , it is purely inseparable if and only if f2 = 0. On the other hand, the
partial derivation ∂
∂w
induces the µ2-action on P(1, 1, 1, 2), and this µ2-action makes X
stable if and only if ∂
∂w
(w2 + wf2(x, y, z) + f4(x, y, z)) = f2 = 0. If the latter holds,
then ϕ|−KX | is the µ2-quotient since Π is µ2-invariant and ϕ|−KX | is of degree two.
5. Isomorphism classes and automorphism groups
In this section, we determine the isomorphism classes and automorphism groups of
Du Val del Pezzo surfaces satisfying (NB).
5.1. Characteristic two. We first treat the case where the degree of such a del Pezzo
surface is two. Then Proposition 4.4 shows that p = 2.
Proposition 5.1. There is a unique del Pezzo surface of type E7 satisfying (NB).
Proof. Let X be a del Pezzo surface of type E7 satisfying (NB). Let Y → X be the
minimal resolution. Combining Corollary 4.2 and Proposition 4.4, we conclude that Y
is given from the unique rational quasi-elliptic surface Z of type (c) as in Table 4 by
blowing down the connected union of a section S and a (−2)-curve T in the reducible
fiber of type III. Since MW(Z) acts on the set of all sections in Z transitively, the
isomorphism class of X is independent of the choice of S. On the other hand, the
choice of S determines T uniquely by [Ito94, Figure 8]. Hence X is also uniquely
determined if exists.
Next, let us show the existence of such a del Pezzo surface. Fix coordinates {x, y, z}
of P2k. Let C := {x
3 + y2z = 0}, L1 = {z = 0} and L2 = {x = 0}. Take h : Y → P
2
k
as the blow-up of seven points on C infinitely near [0 : 1 : 0]. Then h−1(L1) consists
of one (−1)-curve and seven (−2)-curves whose configuration is the Dynkin diagram
E7. Furthermore, h∗| −KY | is spanned by C, 3L1, and 2L1 + L2. Hence members of
h∗| −KY | are all singular by the Jacobian criterion. Therefore the contraction Y → X
of all the (−2)-curves gives the desired del Pezzo surface X . 
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Remark 5.2. The proof above gives more, namely Y as in the proof of Proposition 5.1
is obtained from the rational quasi-elliptic surface of type (a) as in Table 4 by blowing
down the section and the (−2)-curve intersecting with the section.
Corollary 5.3. Let X be the del Pezzo surface of type E7 satisfying (NB). Then AutX
is isomorphic to {(
a 0 d2a
d 1 f
0 0 a3
)
∈ PGL(3, k)
∣∣∣a ∈ k∗, d ∈ k, f ∈ k} .
Proof. We follow the notation of the proof of Proposition 5.1. By construction of Y ,
we have Aut Y ∼= AutX , and the Aut Y -action on Y makes each (−2)-curve stable.
In particular, the Aut Y -action naturally descends to P2 via h. Hence AutX ∼= Aut Y
is the subgroup of PGL(3, k) which makes the net h∗| −KY | stable, and the assertion
holds. 
Proposition 5.4. There is a unique del Pezzo surface of type A1+D6 satisfying (NB).
Proof. Let X be a del Pezzo surface of type A1+D6 satisfying (NB). Let Y → X be the
minimal resolution. Combining Corollary 4.2 and Proposition 4.4, we conclude that Y
is given from the unique rational quasi-elliptic surface Z of type (e) as in Table 4 by
blowing down the connected union of a section S and a (−2)-curve T in a reducible
fiber of type III.
Suppose that S = Q and T is the irreducible component of the fiber over t = 0
intersecting with Q as in [Ito94, Figure 8]. Then, by blowing down the nine P1k’s which
are drawn as bold lines, we get birational morphisms h : Z → P2k and h
′ : Y → P2k. The
image of the fiber over t = 0 (resp.∞, 1) is a cuspidal cubic C (resp. the sum of line
L and a conic R, the sum of two lines L1 and L2). Moreover, h(Eh) consists of three
points p1, p2, p3 which satisfy the following:
• C is singular at p1, and L1 and R pass through p1. Moreover, h
−1(p1) = S ∪T .
• C intersects with L at p2 with multiplicity three, with L1 at p2 transversally,
and with L2 at p2 transversely.
• C intersects with R at p3 with multiplicity four and with L2 with multiplicity
two.
By [LPS11, Theorem 3.1], we can choose coordinates {x, y, z} of P2k such that C is
defined by x3 + y2z = 0. Then p1 = [0 : 0 : 1] and p2 = [0 : 1 : 0]. Since the
automorphism [x : y : z] 7−→ [ax : y : a3z] of P2k with a ∈ k
∗ makes C stable, we also
may assume that p3 = [1 : 1 : 1]. Then an easy calculation shows that L,Q, L1 and L2
are defined by z = 0, xz+y2 = 0, x = 0 and x+z = 0 respectively. Hence Y is obtained
by blowing up three points on C infinitely near p2 and four points on C infinitely near
p3. Moreover, the net h
′
∗| −KY | is generated by C,L1+2L2, and 3L2, whose members
are all singular by the Jacobian criterion. Hence so are members of | −KX |.
For any other choice of S and T , we get the same configuration of curves C,L,R, L1,
and L2 after a suitable blow-down by the symmetry of [Ito94, Figure 8]. Therefore
such X is uniquely determined. 
Remark 5.5. We follow the notation of proof of Proposition 5.4 and fix 2 ≤ i ≤ 3.
Then (h′)−1(pi) contains a unique (−1)-curve, say Ei. Blowing up Y at a general point
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of Ei, we get a weak del Pezzo surface whose anti-canonical members are all singular.
Moreover, it contains eight (−2)-curves whose configuration is the Dynkin diagram D8
when i = 2 and A1 + E7 when i = 3. Therefore Y is also obtained from the rational
quasi-elliptic surfaces of type (b), or (c) as in Table 4 by blowing down a section and
a (−2)-curve intersecting with the section.
Corollary 5.6. Let X be the del Pezzo surface of type A1 +D6 satisfying (NB). Then
AutX is isomorphic to{(
1 0 e2+1
d e e2+e+d
0 0 e2
)
∈ PGL(3, k)
∣∣∣∣d ∈ k, e ∈ k∗
}
.
Proof. We follow the notation of the proof of Proposition 5.4. Analysis similar to that
in the proof of Corollary 5.3 shows that AutX ∼= AutY is the subgroup of PGL(3, k)
which makes h′∗| −KY | stable, and the assertion holds. 
Proposition 5.7. There is a unique del Pezzo surface of type 3A1 + D4 satisfying
(NB).
Proof. Let X be a del Pezzo surface of type 3A1 + D4 satisfying (NB). Let Y → X
be the minimal resolution. Combining Corollary 4.2 and Proposition 4.4, we conclude
that Y is given from a rational quasi-elliptic surface Z of type (f) as in Table 4 by
blowing down the connected union of a section S and a (−2)-curve T in a reducible
fiber of type III.
From now on, we follow the notation used in [Ito94, Figure 10] and Table 6. We also
denote by Θ1,4 the non-reduced component of the reducible fiber of type I
∗
0 in Z. Sup-
pose that S = O and T = Θ0,0. Then, by blowing down O,Θ0,0, P1, P2, Q1, Q2,Θ1,1,Θ1,2
and Θ1,3 in this order, we get birational morphisms h : Z → P
2
k and h
′ : Y → P2k. Then
L = h∗Θ1,4, L1 = h∗Θ∞,1, L2 = h∗Θα1,1 and L3 = h∗Θα2,1 are lines in P
2
k. Moreover,
h(Eh) consists of five points p0, . . . , p4 which satisfy the following:
• h−1(p0) = S ∪ T .
• For 1 ≤ i ≤ 3, the line L intersects with Li at pi.
• L1, L2 and L3 pass through p4.
We can choose coordinates {x, y, z} of P2k such that p1 = [0 : 0 : 1], p2 = [0 : 1 : 1],
p3 = [0 : 1 : 0] and p4 = [1 : 0 : 0]. Then L, L1, L2 and L3 are defined by x = 0, y =
0, y + z = 0 and z = 0 respectively. Hence Y is obtained by blowing up at two points
on Li infinitely near pi for each 1 ≤ i ≤ 3 and at p4. Moreover, the net h
′
∗| −KY | is
generated by 2L+ L1, 2L+ L3, and L1 + L2 + L3, whose members are all singular by
the Jacobian criterion. Hence so are members of | −KX |.
For any other choice of S and T , we get the same configuration of curves L, L1, L2
and L3 after a suitable blow-down by the symmetry of [Ito94, Figure 10] and Table 6.
Therefore such X is uniquely determined. 
Remark 5.8. We follow the notation of proof of Proposition 5.7 and fix 1 ≤ i ≤ 3.
Then (h′)−1(pi) contains a unique (−1)-curve, say Ei. Blowing up Y at a general point
of Ei, we get a weak del Pezzo surface whose anti-canonical members are all singular.
Moreover, it contains eight (−2)-curves whose configuration is the Dynkin diagram
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2A1 +D6. Therefore Y is obtained from the rational quasi-elliptic surface of type (e)
as in Table 4 by blowing down a section and the (−2)-curve in the reducible fiber of
type I∗2 which intersects with the section. In the proof of Proposition 5.17, we will show
that Y is also obtained from each rational quasi-elliptic surface of type (d).
Corollary 5.9. Let X be the del Pezzo surface of type 3A1+D4 satisfying (NB). Then
AutX ∼= k∗ ⋊ PGL(2,F2).
Proof. We follow the notation of the proof of Proposition 5.7. By construction of
X , its automorphism group coincides with the group {f ∈ AutP2k|f({p1, p2, p3}) =
{p1, p2, p3} and f(p4) = p4}, which is k
∗ ⋊ PGL(2,F2). 
Proposition 5.10. There is a unique del Pezzo surface of type 7A1.
Proof. Let X be a del Pezzo surface of type 7A1 and Y → X the minimal resolution.
Since [Ye02] shows that X satisfies (ND), it also satisfies (NB) by Theorem 1.2. Com-
bining Corollary 4.2 and Proposition 4.4, we conclude that Y is given from a rational
quasi-elliptic surface Z of type (g) as in Table 4 by blowing down the connected union
of a section S and a (−2)-curve T . Let us compile the configuration of reducible fibers
and sections of Z given in [Ito94]. There are eight reducible singular fibers of type III
on Z, and all the other fibers are irreducible. Hence there are exactly sixteen (−2)-
curves {Θi,j}0≤i≤7,1≤j≤2 on Z such that (Θi,j,Θi′,j′) > 0 if and only if i = i
′ and j 6= j′.
On the other hand, there is exactly sixteen sections {Ak,l}0≤k≤7,1≤l≤2 on Z such that
(Ak,l, Ak′,l′) > 0 if and only if k = k
′ and l 6= l′. We may assume that S = A0,2,
T = Θ0,2, and (Θi,j, A0,2) = 1 if and only if j = 2. By [Ito94, Figure 11], we also may
assume that (Θ0,2, Ak,l) = 1 if and only if l = 2. By contracting A0,2,Θ0,2 and Ak,1 for
1 ≤ k ≤ 7, we get a birational morphism h : Z → P2k.
Firstly, let us show that h∗Θi,j ∼ OP2
k
(j) for each 1 ≤ i ≤ 7 and 1 ≤ j ≤ 2. We
need only consider the case where i = 1 by symmetry and the case where j = 1 since
h∗(Θ1,1+Θ1,2) ∼ h∗(−KY ) ∼ OP2
k
(3). Conversely, suppose that h∗Θ1,1 ∼ OP2
k
(2). Then
exactly six of A1,1, A2,1, . . . , A7,1 intersect with Θ1,1 since (h∗Θ1,1)
2−Θ21,1 = 6. We may
assume that A1,1 is disjoint from Θ1,1.
Now fix i0 ∈ {2, 3, . . . , 7}. If h∗Θi0,1 ∼ OP2
k
(2), then at least five of A1,1, A2,1, . . . , A7,1
intersect with both Θ1,1 and Θi0,1, which implies 4 = (h∗Θ1,1, h∗Θi0,1) ≥ 5, a contradic-
tion. Hence h∗Θi0,1 ∼ OP2
k
(1). Then exactly three of A1,1, A2,1, . . . , A7,1 intersect with
Θi0,1 since (h∗Θi0,1)
2 − Θ2i0,1 = 3. Moreover, A1,1 intersects with Θi0,1 since otherwise
we would obtain 2 = (h∗Θ1,1, h∗Θi0,1) ≥ 3. On the other hand, for 2 ≤ i1 < i2 ≤ 7,
only A1,1 intersects with both Θi1,1 and Θi2,1 among {Ak,1}1≤k≤7 since otherwise we
would obtain 1 = (h∗Θi1,1, h∗Θi2,1) ≥ 2. Hence we may assume that Θi,1 intersects with
A1,1, A2i−2,1, A2i−1,1 for 2 ≤ i ≤ 4. It implies, however, that 1 = (h∗Θ5,1, h∗Θi,1) ≥ 2
for some 2 ≤ i ≤ 4, a contradiction. Therefore h∗Θ1,1 ∼ OP2
k
(1).
Let pi = h(Ai,1) and li = h∗Θi,1 for 1 ≤ i ≤ 7. Then we have checked that
{li}1≤i≤7 is a set of lines passing through exactly three of {pi}1≤i≤7. Hence the set
Σ := {(i, j) | li passes through pj} consists of 21 elements. On the other hand, distinct
two lines cannot share two points. Combining this fact and ♯Σ = 21, we conclude that
{pi}1≤i≤7 is a set of points contained in exactly three of {li}1≤i≤7.
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Next, let us show that {pi}1≤i≤7 contains four points in general position. Changing
the indices of {li}1≤i≤7 and {pi}1≤i≤7, we may assume that l1 (resp. l2) passes through
p1 and p2 (resp. p1 and p3). Since three of {li}1≤i≤7 passes through p2, it contains the
line spanned by p2 and p3, say l3. Then there is a unique point, say p4, in {pi}1≤i≤7
disjoint from l1 ∪ l2 ∪ l3. Hence p1, p2, p3, and p4 are in general position.
Changing coordinates of P2k, we may assume that p1 = [1 : 0 : 0], p2 = [0 : 1 : 0],
p3 = [0 : 0 : 1] and p4 = [1 : 1 : 1]. Then we can check that each pi and each li are
a point and a line defined over F2 respectively. Therefore Y is the blow-up of all the
points in P2F2, and X is the contraction of strict transforms of all the lines in P
2
F2
. 
Remark 5.11. Cascini–Tanaka [CT18, Proposition 6.4] proved that some del Pezzo
surface constructed by Langer [Lan16, Example 8.2] is isomorphic to some del Pezzo
surface constructed by Keel–McKernan [KM99, end of section 9]. Proposition 5.10
gives another proof of this fact. Moreover, Proposition 5.10 says that this surface
is also isomorphic to a counterexample of the Akizuki–Nakano vanishing theorem in
[Gra19, Proposition 11.1 (1)] with p = n = 2.
Corollary 5.12. Let X be the del Pezzo surface of type 7A1. Then AutX ∼=
PGL(3,F2).
Proof. We have shown that the minimal resolution of X is the blow-up of all the F2-
rational points of P2k. Hence each automorphism of X descends to that of P
2
k which
makes the set of all the F2-rational points stable. Therefore AutX ∼= AutP
2
F2
∼=
PGL(3,F2). 
Next, we treat the case where the degree is one and p = 2.
Proposition 5.13. Let X be a Du Val del Pezzo surface satisfying (NB). Suppose that
p = 2 and Dyn(X) = E8, D8, A1 +E7, or 2A1 +D6. Then the isomorphism class of X
is uniquely determined by DynX.
Proof. By Proposition 4.1, X is obtained from the rational quasi-elliptic surface of type
(a), (b), (c), or (e) by contracting a section. Hence the assertion follows from Theorem
2.8. 
Lemma 5.14. Let X be a Du Val del Pezzo surface satisfying (NB). Suppose that
p = 2 in addition. Then AutX is isomorphic to{(
a 0 0
0 1 f
0 0 a3
)
∈ PGL(3, k)
∣∣∣a ∈ k∗, c ∈ k}
when Dyn(X) = E8, {(
1 0 0
d 1 0
0 0 1
)
∈ PGL(3, k)
∣∣∣d ∈ k} ∼= k
when Dyn(X) = D8, and{(
a 0 0
0 1 0
0 0 1
)
∈ PGL(3, k)
∣∣∣a ∈ k∗} ∼= k∗
when Dyn(X) = A1 + E7.
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Proof. Throughout this proof, we fix coordinates {x, y, z} of P2k. We also take the
minimal resolution π : Y → X and the blow-up g : Z → Y at the base point of |−KY |.
Since π contracts all the (−2)-curves, we obtain AutX ∼= Aut Y . When X is of type
E8 (resp. D8, A1+E7), Corollary 4.2 shows that Z is the rational quasi-elliptic surface
of type (a) (resp. (b), (c)) as in Table 4. By [Ito94, Figure 9], Z is an elimination of
the cubic pencil P = 〈x3+y2z, z3〉 (resp. 〈x3+y2z, (x+z)2z〉, 〈(xz+y2)x, z3〉). On the
other hand, each of (−1)-curves and (−2)-curves on Y is stable under the Aut Y -action
by the configuration of these curves. Hence the Aut Y -action naturally descends to P2k
and hence Aut Y is isomorphic to the subgroup of PGL(3, k) which makes P stable.
Now easy computation shows the assertions. 
Lemma 5.15. Let X be the Du Val del Pezzo surface of type 2A1+D6 satisfying (NB).
Then AutX is isomorphic to{(
1 0 0
0 1 0
0 0 1
)
,
(
1 0 0
0 1 1
0 0 1
)
∈ PGL(3, k)
}
∼= Z/2Z.
Proof. Let L, L1, L2, L3, p1, . . . , p4 ⊂ P
2
k be as in the proof of Proposition 5.7. We also
take Q := {x2+ yz = 0} ⊂ P2k. By Remark 5.8, the minimal resolution Y of X is given
from P2k by blowing up at two points on L1 infinitely near p1, two points on L2 infinitely
near p2, three points on Q infinitely near p3, and p4. Moreover, the push forward of
|−KY | to P
2
k is generated by Q+L2 and 2L+L3. By the configuration of (−1)-curves
and (−2)-curves on Y , the Aut Y -action naturally descends to P2k. Hence Aut Y is the
subgroup of PGL(3, k) which makes the pencil 〈(x2 + yz)(y + z), x2z〉 stable, and the
assertion holds. 
Definition 5.16. In the remaining of this subsection, we fix coordinates of Pnk and
let Dn ⊂ P
n
k denote the complement of all the hyperplane sections defined over F2 for
n = 1, 2. We note that there is the natural PGL(n+ 1,F2)-action on Dn.
Proposition 5.17. There is one to one correspondence between the isomorphism
classes of del Pezzo surfaces of type 2D4 satisfying (NB) and the closed points of
D1/PGL(2,F2).
Proof. Let X be a del Pezzo surface of type 2D4 satisfying (NB) and Y → X the
minimal resolution. By Corollary 4.2, Y is given from a rational quasi-elliptic surface
Z of type (d) as in Table 4 by blowing down a section S.
From now on, we follow the notation used in [Ito94, Figure 8]. Without loss of
generality, we can assume that S = O. Let Θ1 and Θ2 be the non-reduced components
of the reducible fiber of Z. We may assume that Θ1 is drawn as a bold line. Let T
be the irreducible component of a reducible fiber intersecting with both O and Θ1.
Take the blow-down g : Z → W of O ∪ T and the blow-down h : W → P2k of the other
seven P1k’s which are drawn as bold lines. Then we can check that h, (h ◦ g)(Θ1) and
(h ◦ g)(Θ2) coincide with h
′, p4, and L as in the proof of Proposition 5.7 respectively.
In particular, W is the minimal resolution of the del Pezzo surface of type 3A1 + D4
satisfying (NB). Moreover, g(T ) is not an F2-rational point of E := g∗(Θ1) since the
set E(F2) of F2-rational points of E is contained in the union of (−2)-curves in W .
Hence the minimal resolution of each del Pezzo surface of type 4D2 satisfying (NB) is
given from W by blowing up a point in E \ E(F2) ∼= D1.
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Next, let us show the existence of an involution of Z which makes O stable and
sends Θ1 to Θ2. By blowing down suitable curves in Z which are drawn as horizontal
lines in [Ito94, Figure 8], we obtain a birational morphism ϕ : Z → P1 × P1 such that
O is ϕ-exceptional and ϕ∗(Θi) is a fiber of the first projection for i = 1, 2. Thus some
involution of P1 × P1 which sends ϕ∗(Θ1) to ϕ∗(Θ2) induces the desired involution of
Z. Since O is ϕ-exceptional, this involution descends to an involution τ of Y .
Finally, let us show the assertion. For t ∈ E \ E(F2), let us denote by ht : Yt → W
the blow-up at t. Then it is easy to see that Yt is the minimal resolution of a del
Pezzo surface of type 4D2 satisfying (NB). Take another point t
′ ∈ E \ E(F2). If t
′
is contained in the AutW -orbit of t, then Yt ∼= Yt′. On the other hand, suppose that
there is an isomorphism σ : Yt ∼= Yt′. Then we may assume, by replacing σ as τ ◦ σ if
necessary, that σ(Eht) = Eht′ . Hence σ descends to an isomorphism σ
′ ∈ AutW such
that σ′(t) = t′. We note the first factor of AutW = k∗⋊PGL(2,F2) acts on E trivially
and the second factor acts as AutP1F2. Therefore Yt
∼= Yt′ if and only if t
′ is contained
in the PGL(2,F2)-orbit of t. 
Corollary 5.18. Let t ∈ D1 and Xt be the corresponding del Pezzo surface of type 2D4
satisfying (NB). Then AutXt ∼= (k
∗ ⋊ Z/3Z) ⋊ Z/2Z when t is an F4-rational point
and k∗ ⋊ Z/2Z otherwise. In particular, if the former holds, then Xt is unique up to
isomorphism.
Proof. We follow the notation of Proposition 5.17. Let Σ be the stabilizer subgroup of
AutW with respect to t. Then we can identify Σ with the stabilizer subgroup of Aut Yt
with respect to Eht . Hence Aut Yt
∼= Σ ⋊ Z/2Z, where the second factor is generated
by τ . Then k∗ ⊂ Aut Yt since k
∗ acts on E trivially.
Suppose that a non-trivial element A ∈ PGL(2,F2) = GL(2,F2) fixes t. Then t is
an F2m-rational point for some m ≤ 2 since t is an eigenvector of A. Since D1 has not
F2-rational points, we conclude that t is an F4-rational point and A is diagonalizable
over F4, not over F2. Hence A is either ( 0 11 1 ) or (
1 1
1 0 ) and it fixes all the F4-points in D1.
Therefore Σ = k∗ ⋊ F∗4
∼= k∗ ⋊ Z/3Z if t is an F4-rational point and Σ = k
∗ otherwise,
and the first assertion follows. Since PGL(2,F2) acts on the set of F4-rational points
in D1 transitively, the second assertion follows from Proposition 5.17. 
Proposition 5.19. There is one to one correspondence between the isomorphism
classes of del Pezzo surfaces of type 4A1+D4 and the closed points of D1/PGL(2,F2).
Proof. Let X be a del Pezzo surface of type 4A1 + D4 and Y → X the minimal
resolution. Since [Ye02] shows that X satisfies (ND), it also satisfies (NB) by Theorem
1.2. By Corollary 4.2, Y is given from a rational quasi-elliptic surface Z of type (f) as
in Table 4 by blowing down a section S.
From now on, we follow the notation used in [Ito94, Figure 10]. Without loss of
generality, we can assume that S = O. Take the blow-down g : Z → W of O ∪ Θ1,0.
Then W contains seven (−2)-curves disjoint from each other. By Proposition 5.10,
there is the blow-up h : W → P2k at all the F2-rational point. Moreover, the point
g(Θ1,0) lies on the (−1)-curve g(Θ1,4) and no (−2)-curves. Since AutW = PGL(3,F2)
acts on the set of (−1)-curves in W transitively, we may assume that g(Θ1,4) = E :=
h−1([1 : 0 : 0]). We note that the set of F2-rational points E(F2) of E is contained in
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the union of (−2)-curve in W . Hence the minimal resolution of each del Pezzo surface
of type 4A1 +D4 is given from W by blowing up a point in E \ E(F2) ∼= D1.
For t ∈ E \ E(F2), let us denote by ht : Yt → W the blow-up at t and by Ct the
strict transform of E in Yt. Then Ct is contained in the union Dt of (−2)-curves whose
configuration is the Dynkin diagram D4. Hence Yt is the minimal resolution of a del
Pezzo surface of type 4A1 +D4.
Now take another point t′ ∈ E \ E(F2). If t
′ is contained in the PGL(3,F2)-orbit
of t, then we get an isomorphism Yt ∼= Yt′ . On the other hand, suppose that there is
an isomorphism σ : Yt ∼= Yt′. Then σ(Dt) = Dt′ and σ(Ct) = Ct′ . By [Ito94, Figure
10], Eht is the unique (−1)-curve intersecting with Ct. Hence σ(Eht) = Eht′ and σ
descends to an isomorphism σ′ ∈ AutW such that σ′(t) = t′. In particular, σ′ makes
E stable. On the other hand, the stabilizer subgroup of PGL(3,F2) with respect to E
is isomorphic to F22⋊PGL(2,F2). The first factor F
2
2 acts on E trivially and the second
factor PGL(2,F2) acts as AutP
1
F2
. Therefore Yt ∼= Yt′ if and only if t
′ is contained in
the PGL(2,F2)-orbit of t ∈ D1. 
Corollary 5.20. Let t ∈ D1 and Xt be the corresponding del Pezzo surface of type
4A1+D4. Then AutXt ∼= (Z/2Z)
2⋊Z/3Z when t is an F4-rational point and (Z/2Z)
2
otherwise. In particular, if the former holds, then Xt is unique up to isomorphism.
Proof. We follow the notation of Proposition 5.19. Since each automorphism of Yt
makes Eht stable, the automorphism group Aut Yt equals the stabilizer subgroup Σ of
F22 ⋊ PGL(2,F2) with respect to t. Then (Z/2Z)
2 ∼= F22 ⊂ Aut Yt since F
2
2 acts on E
trivially. The rest of proof runs as in Corollary 5.18. 
Proposition 5.21. There is one to one correspondence between the isomorphism
classes of del Pezzo surfaces of type 8A1 and the closed points of D2/PGL(3,F2).
Proof. Let X be a del Pezzo surface of type 8A1 and Y → X the minimal resolution.
Since [Ye02] shows that X satisfies (ND), X satisfies (NB) by Theorem 1.2. By Corol-
lary 4.2, Y is given from a rational quasi-elliptic surface Z of type (g) as in Table 4 by
blowing down a section S. Now let T ⊂ Z be an irreducible component of a reducible
fiber of type III intersecting with S. Take the blow-down g : Z → W of S ∪ T . In the
proof of Proposition 5.10, we have checked that there is the blow-up h : W → P2k at all
the F2-rational point. By the choice of S ∪ T , the point g(T ) is contained in h
−1(D2),
which is the complement of the union of all the (−1)-curves and (−2)-curves in W .
Hence the minimal resolution of each del Pezzo surface of type 8A1 is given from W
by blowing up a point in h−1(D2).
From now on, we identify D2 and h
−1(D2) and fix points t1 = [1 : 0 : 0], t2 = [0 : 1 :
0], t3 = [0 : 0 : 1], t4 = [1 : 1 : 0], t5 = [0 : 1 : 1], t6 = [1 : 0 : 1], t7 = [1 : 1 : 1] in P
2
k. For
t ∈ D2, let us denote by ht : Yt → P
2
k the blow-up at t1, . . . , t7 and t. Then Yt contains
twenty-two (−1)-curves as follows.
• Ei := h
−1(ti) for 1 ≤ i ≤ 7 and Et = h
−1(t).
• The strict transform lijk of the line passing through ti, tj, and tk with (i, j, k) ∈
I := {(1, 2, 4), (1, 3, 6), (1, 5, 7), (2, 3, 5), (2, 6, 7), (3, 4, 7), (4, 5, 6)}.
• The strict transform Qijk of the smooth conic passing through all the five points
in {t1, . . . , t7, t} \ {ti, tj , tk} with (i, j, k) ∈ I.
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

−1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0
−1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 1 0 0 1 1 1 1 0 0 1 1 0 0
−1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 1 0 1 0 1 1 0 1 0 1 0 1 0
−1 0 0 0 0 0 0 1 0 0 0 0 0 1 1 1 1 0 0 1 1 0 0 0 0 1 1
−1 0 0 0 0 0 0 1 0 0 0 1 1 0 0 1 1 0 1 0 0 1 1 0 0 1
−1 0 0 0 0 0 0 1 0 0 1 0 1 1 0 1 0 1 0 1 0 0 1 0 1
−1 0 0 0 0 0 0 1 0 1 1 0 1 0 0 1 1 0 0 1 0 1 1 0
−1 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1
−1 0 0 0 0 0 1 1 0 0 1 1 0 0 0 0 1 1 0 0 1 1
−1 0 0 0 0 1 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1
−1 0 0 0 1 1 0 0 0 0 1 1 0 0 1 1 1 1 0 0
−1 0 0 1 0 0 1 1 0 0 1 0 1 1 0 0 1 1 0
−1 0 1 0 1 0 0 1 0 1 0 1 0 1 1 0 1 0
−1 1 0 0 1 0 1 1 0 0 1 1 0 1 0 0 1
−1 1 1 1 1 1 1 1 2 0 0 0 0 0 0 0
−1 1 1 1 1 1 1 0 2 0 0 0 0 0 0
−1 1 1 1 1 1 0 0 2 0 0 0 0 0
−1 1 1 1 1 0 0 0 2 0 0 0 0
−1 1 1 1 0 0 0 0 2 0 0 0
−1 1 1 0 0 0 0 0 2 0 0
−1 1 0 0 0 0 0 0 2 0
−1 0 0 0 0 0 0 0 2
−2 0 0 0 0 0 0 0
−2 0 0 0 0 0 0
−2 0 0 0 0 0
−2 0 0 0 0
−2 0 0 0
−2 0 0
−2 0
−2


.
Figure 1. The intersection matrix of the (−1)-curves and (−2)-curves
in a del Pezzo surface of type 8A1
Moreover, Yt contains eight (−2)-curves as follows.
• The strict transform Ct of the cuspidal cubic passing through t1, . . . , t7 which
is singular at t.
• The strict transform li of the line passing through ti and t for 1 ≤ i ≤ 7.
Then Figure 1 is the intersection matrix of E1, E2, . . . , E7, l1, l2, . . . , l7, Et,
Q124, Q136, . . . , Q456, Ct, l124, l136, . . . , l456 in this order. In particular, Yt has eight (−2)-
curves disjoint from each other. Hence Yt is the minimal resolution of a del Pezzo
surface of type 8A1.
Now take another point t′ ∈ D2. If t
′ is contained in the PGL(3,F2)-orbit of t, then
we get an isomorphism Yt ∼= Yt′ . Hence it suffices to show that Yt ∼= Yt′ implies that
t′ is contained in the PGL(3,F2)-orbit of t. For this, we investigate the automorphism
group Aut Yt of Yt. By Theorem 2.8 and [Ito94, Figure 11], there are exactly twenty-two
(−1)-curves and eight (−2)-curves in Yt. Hence each (−1)-curve is En, ln, Et, orQijk for
some 1 ≤ n ≤ 7 or (i, j, k) ∈ I, and each (−2)-curve is Ct or Qijk for some (i, j, k) ∈ I.
If an automorphism of Yt makes each (−1)-curve and each (−2)-curve stable, then
this automorphism descends to an automorphism of P2k fixing p1, . . . , p7, which is the
identity. Thus an automorphism of Yt is determined by the image of all (−1)-curves
and (−2)-curves. We note that the image of all (−1)-curves is determined by that of
all (−2)-curves because of the intersection matrix as in Figure 1. Hence Aut Yt is a
subgroup of the permutation of the set {Ct, l124, . . . , l456}. Moreover, sixteen rows in the
(1, 4) block or (2, 4) block of the matrix as in Figure 1 form the extended Hamming code
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[Gri98, (3.14) Example]. Hence AutYt is a subgroup of the automorphism group of the
extended Hamming code, which is the affine linear group F32 ⋊ GL(3,F2). Identifying
{Ct, l124, . . . , l456} as {0, 1, . . . , 7}, we can check that the normal group F
3
2 is generated
by (01)(23)(45)(67), (02)(13)(46)(57) and (04)(15)(26)(37).
Next, let us show that Aut Yt contains the normal subgroup F
3
2. We show only the
existence of the automorphism of Yt which corresponds to (01)(23)(45)(67); the same
proof works for (02)(13)(46)(57) and (04)(15)(26)(37). Let ϕ : Yt → Y
′ be the contrac-
tion of E1, E2, and E4. Then Y
′ is a smooth del Pezzo surface of degree four since each
(−2)-curve in Yt intersects with one of E1, E2, and E4. Generally speaking, a smooth
del Pezzo surface of degree four contains sixteen (−1)-curves, and each (−1)-curve inter-
sects with five (−1)-curves. In this case, ϕ(Et) and ϕ(Q124) intersect with each other.
Moreover, ϕ(Et) (resp.ϕ(Q124)) intersects with ϕ(li) (resp.ϕ(Ei)) for i = 3, 5, 6, 7.
There are two (−1)-curves passing through the point ϕ(E1) (resp.ϕ(E2), ϕ(E4)),
which are ϕ(l136) and ϕ(l157) (resp.ϕ(l235) and ϕ(l267), ϕ(l347) and ϕ(l456)). Since
M = (ϕ(Q124), ϕ(E3), ϕ(E5), ϕ(E6), ϕ(E7)) and M
′ = (ϕ(Et), ϕ(l3), ϕ(l5), ϕ(l6), ϕ(l7))
satisfy the condition (1) of [Hos96, Theorem 2.1], there is an automorphism σ of Y ′
which sends M to M′. By the configuration of (−1)-curves in Y ′, we can check that
σ also sends ϕ(l136), ϕ(l235) and ϕ(l347) to ϕ(l157), ϕ(l267) and ϕ(l456) respectively. In
particular, σ fixes the points ϕ(E1), ϕ(E2) and ϕ(E4). On the other hand, we have
(ϕ(Q124) · ϕ(l124)) = (ϕ(Et) · ϕ(Ct)) = 2 and (ϕ(Q124) · ϕ(Ct)) = (ϕ(Et) · ϕ(l124)) = 0.
Since σ permutes ϕ(Q124) and ϕ(Et), it also permutes ϕ(l124) and ϕ(Ct). Hence σ
induces an automorphism of Yt which corresponds to (01)(23)(45)(67).
Finally let us show that Yt ∼= Yt′ implies that t
′ is contained in the PGL(3,F2)-orbit
of t. Since F32 acts on the set (−2)-curves in Yt transitively, we may assume that this
isomorphism sends Ct to Ct′ . Then it also sends Et to Et′ because Et is the unique
(−1)-curve in Yt intersecting with Ct twice. Hence it descends to an isomorphism ofW .
By Corollary 5.12, we conclude that t′ is contained in the PGL(3,F2)-orbit of t. 
Corollary 5.22. Let t ∈ D2 and Xt be the corresponding del Pezzo surface of type 8A1.
Then AutXt ∼= (Z/2Z)
3⋊Z/7Z when t is an F8-rational point and (Z/2Z)
3 otherwise.
In particular, if the former holds, then Xt is unique up to isomorphism.
Proof. We follow the notation of Proposition 5.21. Let Σ ⊂ Aut Yt be the stabilizer
subgroup with respect to Ct. Since F
3
2
∼= (Z/2Z)3 is a normal subgroup of Aut Yt which
acts on the set of (−2)-curves in Yt transitively, we obtain Aut Yt ∼= (Z/2Z)
3 ⋊ Σ. We
note that Σ is the same as the stabilizer subgroup of PGL(3,F2) with respect to t.
Suppose that a non-trivial element A ∈ PGL(3,F2) = GL(3,F2) fixes t. Then t is
an F2m-rational point for some m ≤ 3 since t is an eigenvector of A. Since all the
F4-rational points are contained in P
2
k \ D2, we conclude that t is an F8-rational point
and A is diagonalizable over F8, not over F2. In particular, the order of A is seven. By
[JL01, Section 27], the size of its conjugacy class is 24.
Next let us show that PGL(3,F2) acts on the set D2(F8) of F8-rational points in D2
transitively. We can check that D2(F8) consists of 24 points. On the other hand, the
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matrix A is conjugate to either
A1 =
(
0 0 1
1 0 1
0 1 0
)
or A2 =
(
1 1 0
0 1 1
1 0 0
)
since its characteristic polynomial is either x3 + x + 1 or x3 + x2 + 1. If A = A1
(resp.A2), then we can check that t = [u
2 + 1 : u : 1] (resp. [u : u2 + u : 1]) for some
u ∈ F8 such that u
3 + u + 1 = 0. Hence A fixes exactly three points of D2(F8). The
Burnside’s lemma now shows that the number of orbits is
|D2(F8)/PGL(3,F2)| =
1
168
(24 · 3 + 24 · 3 + 1 · 24 + (168− 24− 24− 1) · 0) = 1.
Hence PGL(3,F2) acts on D2(F8) transitively.
Now we can show the assertion. If t is an F8-rational point, then the order of Σ
equals 168/24 = 7, which implies that Σ ∼= Z/7Z. Otherwise, the order of Σ equals
168/168 = 1 and hence Σ is trivial. Hence the first assertion holds. Since PGL(3,F2)
acts on D2(F8) transitively, the second assertion follows from Proposition 5.21. 
Remark 5.23. In Proposition 4.1 and Corollary 4.2, we showed that there is one to
one correspondence between isomorphism classes of del Pezzo surfaces of type 2D4
satisfying (NB) (resp. of type 4A1 + D4 and 8A1) and those of rational quasi-elliptic
surfaces of type (d) (resp. (f) and (g)). Hence Propositions 5.17, 5.19 and 5.21 show
that the isomorphism classes of rational quasi-elliptic surfaces of type (d) (resp. (f) and
(g)) are parametrized by the closed points of D1/PGL(2,F2) (resp. D1/PGL(2,F2) and
D2/PGL(3,F2)). We also remark that D1/PGL(2,F2) is isomorphic to the affine line
over k and D2/PGL(3,F2) is a normal affine surface with one singular point, which
corresponds to F8-rational points in D2.
5.2. Characteristic three. Finally, we treat the case where p = 3.
Proposition 5.24. Let X be a Du Val del Pezzo surface satisfying (NB). If p = 3,
then the isomorphism class of X is uniquely determined by DynX.
Proof. The assertion follows from Proposition 4.1 and Theorem 2.8. 
Lemma 5.25. Let X be a Du Val del Pezzo surface satisfying (NB). Suppose that
p = 3 in addition. Then AutX is isomorphic to{(
a 0 c
0 1 0
0 0 a3
)
∈ PGL(3, k)
∣∣∣a ∈ k∗, c ∈ k}
when Dyn(X) = E8, k
∗ ⋊ Z/2Z when Dyn(X) = A2 + E6, and GL(2,F3) when
Dyn(X) = 4A2.
Proof. Throughout this proof, we fix coordinates {x, y, z} of P2k. We also take the
minimal resolution π : Y → X and the blow-up g : Z → Y at the base point of |−KY |.
Since π contracts all the (−2)-curves, we obtain AutX ∼= AutY . When X is of
type E8 (resp. A2 + E6 and 4A2), Corollary 4.2 shows that Z is the rational quasi-
elliptic surface of type (1) (resp. (2) and (3)) as in Table 5. By [Ito92, Figures 7–9],
Z is an elimination of the cubic pencil P = 〈x3 + y2z, z3〉 (resp. 〈yz(y + z), x3〉 and
〈x(x+ z)(x− z), y(y + z)(y − z)〉).
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First, suppose that Dyn(X) = E8. Take C, L ⊂ P
2 as curves defined by x3+y2z = 0
and z = 0 respectively. By [Ito92, Figure 7], Y is also given from P2k by blowing up
eight points on C infinitely near [0 : 1 : 0]. Since each of (−1)-curves and (−2)-curves
on Y is stable under the Aut Y -action, its action naturally descends to P2k. Hence
Aut Y is the subgroup of PGL(3, k) which makes the pencil 〈x3 + y2z, z3〉 stable, and
the assertion holds.
Next, suppose that Dyn(X) = A2 + E6. Take L, L1, L2, L3 ⊂ P
2 as curves defined
by x = 0 and y = 0, y + z = 0 and z = 0 respectively. By similar arguments, [Ito92,
Figure 8] shows that Y is given from P2k by blowing up three points on L1 infinitely near
[0 : 0 : 1], two points on L2 infinitely near [0 : 1 : 1], and three points on L3 infinitely
near [0 : 1 : 0]. By the symmetry of the configuration of (−1)-curves and (−2)-curves
on Y , the Aut Y -action naturally descends to P2k. Hence Aut Y is the subgroup of
PGL(3, k) which fixes [1 : 0 : 0] and [0 : 1 : 1] and makes the set {[0 : 1 : 0], [0 : 0 : 1]}
stable, which is isomorphic to k∗ ⋊ Z/2Z.
Finally, suppose that Dyn(X) = 4A2. Take L ⊂ P
2 as the curve defined by z = 0.
By similar arguments, [Ito92, Figure 9] shows that Y is given from P2k by blowing up all
the eight F3-rational points on P
2
k \ L except [0 : 0 : 1]. Since all the (−1)-curves on Y
are exceptional over P2k, the Aut Y -action naturally descends to P
2
k. Hence AutY is the
subgroup of PGL(3, k) which makes the set of F3-rational points on P
2
k \L∪{[0 : 0 : 1]}
stable, which is isomorphic to GL(2,F3).
Combining these arguments, we complete the proof. 
Now we can prove Theorem 1.5.
Proof of Theorem 1.5. The assertion follows from all the lemmas and corollaries in
Section 5. 
Remark 5.26. In Section 7, we will prove Theorem 1.7, in other words, we give the
classification of Du Val del Pezzo surfaces with the Picard rank one when p = 2 or 3.
As a result, this theorem shows that the assumption (NB) is superfluous in some of
the results in this section. More precisely, the results on Du Val del Pezzo surfaces of
type 2D4, 2A1+D6, 3A1+D4, or 4A2 in Section 5 still hold if we drop the assumption
(NB) since such del Pezzo surfaces always satisfy (NB).
Remark 5.27. We can deduce the scheme structures of the automorphism groups of
rational quasi-elliptic surfaces from Theorem 1.5, which are not given in [Ito92, Ito94].
For such a surface Z, its automorphism group AutZ is the semi-direct product of
MW(Z) and the subgroup of AutZ which makes the zero section stable. The former
is given in [Ito92, Ito94] and the latter is isomorphic to the automorphism group of the
contraction Y of the zero section. As we have shown in Proposition 4.1, Y is the mini-
mal resolution of a Du Val del Pezzo surface X satisfying (NB). Since Aut Y ∼= AutX
as a group, Theorem 1.5 gives the number of connected components of Aut Y . Hence
we can determine the scheme structure of Aut Y by the result of Martin–Stadlmayr
[MS20, Main Theorem] and that of AutZ ∼= Aut Y ⋊MW(Z). On the other hand,
what is still lacking is the determination of the scheme structure of AutX , since the
contraction of (−2)-curves may thicken the scheme structures of the automorphism
groups. For example, the automorphism group scheme of the minimal resolution of
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X(7A1) is reduced by loc. cit.. On the other hand, since the anti-canonical double
covering X(7A1)→ P
2
k is purely inseparable, there is µ2-action on X(7A1) by Remark
4.5, and hence its automorphism group scheme is non-reduced.
6. Log liftability
In this section, we check the log liftability of Du Val del Pezzo surfaces satisfying
(NB) to complete the proof of Theorem 1.3. We also give an application of Theorem
1.3 (4).
Proposition 6.1. Let X be a Du Val del Pezzo surface satisfying (NB). Suppose that
p = 2 and Dyn(X) = E8, D8, A1 + E7, 2D4, 2A1 + D6, E7, A1 + D6, or 3A1 + D4.
Then X is log liftable.
Proof. Take π : Y → X as the minimal resolution. First suppose that Dyn(X) = E8
(resp. D8, A1 +E7, and 2D4). Then Y is obtained from rational quasi-elliptic surfaces
Z of type (a) (resp. (b), (c), and (d)) by blowing down a section. By taking successive
blow-downs h : Z → P2k suitably, we obtain one of the configurations of curves in P
2
k
as in [Ito94, Figure 9], and each (−2)-curve in Z is either h-exceptional or the strict
transform of a component of these configurations except Cb. Since these configurations
except Cb are also realizable in P
2
W (k), suitable blow-ups of P
2
W (k) give a W (k)-lifting of
(Y,Epi).
Next suppose that Dyn(X) = E7 (resp. A1 + D6). By Remark 5.2 (resp. Remark
5.5), Y is also obtained from the configuration of curves in P2k of type (a) (resp. (c)) as
in [Ito94, Figure 9]. By similar arguments as above, we can construct a W (k)-lifting
of (Y,Epi).
Finally suppose that Dyn(X) = 2A1+D6 (resp. 3A1+D4). We follow the notation as
in the proof of Lemma 5.15. Then there is the composition h : Y → P2k of blow-ups at
two points on L1 infinitely near p1, two points on L2 infinitely near p2, three (resp. two)
points on Q infinitely near p3, and p4. Each (−2)-curve in Y is either h-exceptional
or the strict transform of Li’s. Since this configuration in P
2
k is realizable in P
2
W (k),
suitable blow-ups of P2W (k) give a W (k)-lifting of (Y,Epi). 
Proposition 6.2. Let X be a Du Val del Pezzo surface with Dyn(X) = 4A1 + D4,
8A1, or 7A1. Then X is not log liftable.
Proof. By Theorem [Ye02, Theorem 1.2], the surface X satisfies (ND). Hence the as-
sertion follows from Theorem 1.2 (2). 
Proposition 6.3. Let X be a Du Val del Pezzo surface satisfying (NB). Suppose that
p = 3 and Dyn(X) = E8, or A2 + E6. Then X is log liftable.
Proof. The surface X is obtained from rational quasi-elliptic surfaces of type (1) or (2)
by blowing down a section. Such quasi-elliptic surfaces are obtained from configurations
of curves in P2k as in [Ito92, Figures 7 and 8] and these configurations are also realizable
in P2W (k). As in the proof of Proposition 6.1, suitable blow-ups of P
2
W (k) give a W (k)-
lifting of the minimal resolution of X . 
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Proposition 6.4. Let X be a Du Val del Pezzo surface satisfying (NB). Suppose that
p = 3 and Dyn(X) = 4A2. Then X is not log liftable.
Proof. Conversely, suppose that X is log liftable. Take π : Y → X as the minimal
resolution and (Y , E) as a W (k)-lifting of (Y,Epi). We follow the notation used in
the proof of Lemma 3.3. Then the blow-up ZK → YK at the base point of | − KYK |
gives the anti-canonical morphism fK : ZK → P
1
K . Let G be the strict transform
of EK =
∑8
i=1Ei,K in Z. Then fK(G) consists of four K-rational points. We fix
coordinates of P1K such that f(G) = {0, 1,∞, α} for some α ∈ P
1
K \ {0, 1,∞}.
On the other hand, by Lemma 3.3, XC is the del Pezzo surface of degree one of type
4A2. By [Ye02, Table 4.1], the blow-up ZC → YC at the base point of | −KYC| gives an
elliptic fibration fC : ZC → P
1
C with four singular fibers of type I3. Since fK(G) ⊂ P
1
C is
the singular fiber locus of fC, [Bea82, The´ore`me] now yields the existence of σ ∈ AutP
1
C
which sends fK(G) to {1, ω, ω
2,∞}, where ω is a primitive cube root of unity. An easy
computation shows that α = −ω and hence ω ∈ K. However, by the Eisenstein
criterion and the Gauss lemma, the cyclotomic polynomial t2 + t + 1 is irreducible in
K[t], a contradiction. Therefore (Y,Epi) does not lift to W (k). 
Remark 6.5. Proposition 6.4 still holds if we drop the assumption (NB) as we pointed
out in Remark 5.26.
Now we can prove Theorem 1.3.
Proof of Theorem 1.3. The assertions (0), (1), and (2) follow from Lemma 2.5, Corol-
lary 4.2, and Proposition 4.4 respectively. The assertion (3) follows from Propositions
in Section 5. Finally, the assertion (4) follows from Propositions in Section 6. 
The following is an application of Theorem 1.3 (4).
Remark 6.6. Let S be a normal projective surface over an algebraically closed field of
arbitrary characteristic. Then H2(S, TS) is an important object because its vanishing
implies that there are no local-to-global obstructions to deformations of S (cf. [LN13,
Theorem 4.13]). In characteristic zero, some positivity of −KS yields H
2(S, TS) = 0
by virtue of vanishing theorems such as the Bogomolov–Sommese vanishing theorem
and the Akizuki–Nakano vanishing theorem. In positive characteristic, we can also
prove a similar result as follows. It is worth pointing out that the assumption of
characteristic p in the following proposition is sharp by Theorem 1.3 (4). Indeed,
X(4A1 +D4), X(8A1), X(7A1) and X(4A2) in characteristic three are not log liftable.
Proposition 6.7. Let S be a normal projective surface with only Du Val singularities.
Suppose that p > 3 and S has negative Kodaira dimension. Then H2(S, TS) = 0. In
particular, S is log liftable.
Proof. By running a KX-MMP, we obtain a birational contraction X → X
′ and a Mori
fiber space X ′ → Y since KX is not pseudo-effective. Since H
2(X, TX) ⊂ H
2(X ′, TX′),
it suffices to show that H2(X ′, TX′) = 0. If dim Y = 1, then this follows from the Serre
duality and [Kaw20, Theorem 5.2 (1)]. If dimY = 0, this follows from Lemma 2.5 (3)
and Lemma 3.2, and the first assertion holds. Since H2(Y,OY ) = 0 for any resolution
Y → X , the second assertion follows from Lemmas 2.3 and 3.1. 
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7. Proof of Theorem 1.7
In this section, we prove Theorem 1.7. When p > 3, the assertion (1) has already
proven by [Lac20, Appendix B]. For this reason, we assume that p = 2 or 3 in this
section. The proof is similar in spirit to [Ye02], but we include the proof because the
classification of extremal rational elliptic surfaces in p = 2 or 3 is quite different from
that in p > 3. Furthermore, we have to take rational quasi-elliptic rational surfaces
into consideration. We will also investigate the Dynkin types with Artin coindices of
some Du Val del Pezzo surfaces.
7.1. Reduction to genus one fibrations. We first recall the relation between Du
Val del Pezzo surfaces with Picard rank one and genus one fibrations.
Definition 7.1. For a weak del Pezzo surface S and the union D of all the (−2)-
curves in S, a curve E ⊂ S is called a nice exceptional curve (NEC for short) if E is a
(−1)-curve such that (E ·D) = 1.
Lemma 7.2. Let X be a Du Val del Pezzo surface with ρ(X) = 1 and d = K2X ≤ 7.
Let Y → X be the minimal resolution. Then there are an extremal rational elliptic
surface or a rational quasi-elliptic surface Y0 and blow-downs {fi : Yi−1 → Yi}1≤i≤d of
(−1)-curves such that Yd = Y and Efi is an NEC for 2 ≤ i ≤ d.
Proof. The same proof as in [Ye02, Theorem 3.4] and [Lac20, Theorem B.6] remains
valid for this case after admitting for Y0 to be a rational quasi-elliptic surface. 
In the remaining of this section, we follow the notation in Tables 4, 5, 7, and 8. In
addition, we use the following notation.
Definition 7.3. We denote by Y mn (l) the blow-down of a section and NECs from an
extremal rational elliptic surface or a rational quasi-elliptic surface of type m such
that the anti-canonical degree is n and the configuration of (−2)-curves is the Dynkin
diagram l.
7.2. Artin coindices. Over an algebraically closed field of characteristic 0, the iso-
morphism classes of Du Val singularities are uniquely determined by their Dynkin
types. When p = 2 or 3, however, this assertion does not hold, and Artin classified Du
Val singularities as follows.
Theorem 7.4 ([Art77, Section 3]). When p = 2 (resp. p = 3), the isomorphism class
of a Du Val singularity is uniquely determined by its Dynkin type except when the
isomorphism class is Dr2n with n ≥ 2 and 0 ≤ r ≤ n − 1, D
r
2n+1 with n ≥ 2 and
0 ≤ r ≤ n − 1, Er6 with r = 0, 1, E
r
7 with 0 ≤ r ≤ 3, or E
r
8 with 0 ≤ r ≤ 4 (resp. E
r
6
with r = 0, 1, Er7 with r = 0, 1, or E
r
8 with 0 ≤ r ≤ 2).
By the Artin coindex of a Du Val singularity, we mean the superscript of the symbol
of a singularity as in Theorem 7.4. In Propositions 7.14 and 7.20, we will investigate
the Dynkin types with Artin coindices of some Du Val del Pezzo surfaces.
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7.3. Characteristic two. In this subsection, we treat the case where p = 2. Let X
be a singular Du Val del Pezzo surface with Picard rank one. By the same proof as in
[Ye02], we obtain that K2X 6= 7, 9, and X is the quadric cone when K
2
X = 8. For this
reason, we assume that K2X ≤ 6. We follow the notation of Lemma 7.2.
We start with the case where K2X = 1. Then Y = Y1, which is the blow-down of a
section in Y0. The pairs of Y0 and Y1 are listed as in Table 9. We let n be the number
of the NECs on Y1.
Table 9.
Type of Y0 Y1 n Type of Y0 Y1 n
I Y I1 (D8) 2 SII Y
SII
1 (2A4) 0
II Y II1 (E8) 1 SIII Y
SIII
1 (4A2) 0
III Y III1 (A1 + A7) 1 (a) Y
(a)
1 (E8) 1
IV Y IV1 (A3 +D5) 1 (b) Y
(b)
1 (D8) 2
V Y V1 (A1 + E7) 1 (c) Y
(c)
1 (A1 + E7) 1
VI Y VI1 (E8) 1 (d) Y
(d)
1 (2D4) 2
VII Y VII1 (A2 + E6) 1 (e) Y
(e)
1 (2A1 +D6) 1
VIII Y VIII1 (A1 + A2 + A5) 0 (f) Y
(f)
1 (4A1 +D4) 1
IX Y IX1 (A2 + E6) 1 (g) Y
(g)
1 (8A1) 0
SI Y SI1 (A8) 2
The isomorphism class of Y1 is independent of the choice of a section by virtue of the
MW(Y0)-action. Hence there is one to one correspondence between the isomorphism
classes of Y0 and those of Y1. On the other hand, for each type of Y0, there is a unique
isomorphism class of Y0 except (d), (f), (g) and I. In these cases, there are infinitely
many isomorphism classes of such a type by Propositions 5.17, 5.19, 5.21 and [Lan94].
Thus we get Theorem 1.7 in the case where K2X = 1 and p = 2.
Next, we consider the case where K2X = 2. Then Y = Y2, which is the blow-down of
an NEC in one of Y1 listed in Table 9. The pairs of Y1 and Y2 are listed as in Table 10.
We let n be the number of the NECs on Y2.
Remark 7.5. The isomorphism class of Y SI2 (A2+A5) is independent of the choice of an
NEC because two NECs in Y SI1 (A8) are the images of the sections in Y0 and MW(Y0)
∼=
Z/3Z is cyclic. The isomorphism class of Y
(d)
2 (3A1 + D4) also depends only that of
Y
(d)
1 (2D4) and independent of the choice of an NEC because it maps to the other NEC
by the involution τ on Y
(d)
1 (2D4) constructed in the proof of Proposition 5.17.
Lemma 7.6. We have the following isomorphisms:
(1) Y I2 (A7)
∼= Y
(b)
2 (A7).
(2) Y I2 (A1 +D6)
∼= Y V2 (A1 +D6).
(3) Y III2 (A1 + 2A3)
∼= Y IV2 (A1 + 2A3).
(4) Y VII2 (A2 + A5)
∼= Y IX2 (A2 + A5)
∼= Y SI2 (A2 + A5).
(5) Y
(b)
2 (A1 +D6)
∼= Y
(c)
2 (A1 +D6).
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Table 10.
Y1 Y2 n Y1 Y2 n
Y I1 (D8) Y
I
2 (A7) 2 Y
SI
1 (A8) Y
SI
2 (A2 + A5) 1
Y I1 (D8) Y
I
2 (A1 +D6) 1 Y
(a)
1 (E8) Y
(a)
2 (E7) 1
Y II1 (E8) Y
II
2 (E7) 1 Y
(b)
1 (D8) Y
(b)
2 (A7) 2
Y III1 (A1 + A7) Y
III
2 (A1 + 2A3) 0 Y
(b)
1 (D8) Y
(b)
2 (A1 +D6) 1
Y IV1 (A3 +D5) Y
IV
2 (A1 + 2A3) 0 Y
(c)
1 (A1 + E7) Y
(c)
2 (A1 +D6) 1
Y V1 (A1 + E7) Y
V
2 (A1 +D6) 1 Y
(d)
1 (2D4) Y
(d)
2 (3A1 +D4) 0
Y VI1 (E8) Y
VI
2 (E7) 1 Y
(e)
1 (2A1 +D6) Y
(e)
2 (3A1 +D4) 0
Y VII1 (A2 + E6) Y
VII
2 (A2 + A5) 1 Y
(f)
1 (4A1 +D4) Y
(f)
2 (7A1) 0
Y IX1 (A2 + E6) Y
IX
2 (A2 + A5) 1
(6) Y
(d)
2 (3A1 +D4)
∼= Y
(e)
2 (3A1 +D4).
Proof. We give the proof only for (1), (2), (5), and (6): the proof of other assertions
run as in [Ye02, Claim 4.5].
(1): Let Z → Y I2 (A7) be the contraction of two sections of an extremal rational elliptic
surface of type I and let a ∈ k∗ be the j-invariant of Z. Recall that extremal rational
elliptic surfaces of type I are uniquely determined by their j-invariants in k∗.
On the other hand, Y = Y
(b)
2 (A7) is obtained from the rational quasi-elliptic surface
of type (b) by contracting two sections. Fix coordinates {x, y, z} of P2k and take C ⊂ P
2
as the curve defined by x3 + y2z = 0. By [Ito94, Figure 9], Y is also obtained from
P2k by blowing up four points on C infinitely near [0 : 1 : 0] and three points on C
infinitely near [1 : 1 : 1]. Moreover, the push forward of | − KY | to P
2
k is generated
by x3 + y2z, (x + z)2z and (x + z)(y + z)z. Now take Ca as the strict transform of
{x3 + y2z + a
1
8 (x + z)(y + z)z = 0} ⊂ P2k in Y . Then Ca is a smooth anti-canonical
member whose j-invariant equals a. By blowing up Y at the intersection of Ca and two
NECs on Y , we obtain the extremal rational elliptic surface of type I whose j-invariant
is a, which is isomorphic to Z. Therefore Y I2 (A7)
∼= Y
(b)
2 (A7).
(2): Let Z → Y I2 (A1+D6) be the blow-up at a general point of the unique NEC. Then
Z contains eight (−2)-curves whose configuration is the Dynkin diagram A1 +E7. By
Table 9, we obtain Z ∼= Y V1 (A1 + E7) or Y
(c)
1 (A1 + E7). Since | − KZ| has a smooth
member, we conclude that Z ∼= Y V1 (A1 +E7) and hence Y
I
2 (A1 +D6)
∼= Y V2 (A1 +D6).
(5): It follows from Proposition 5.4 and Remark 5.5.
(6): It follows from Proposition 5.7 and Remark 5.8. 
Lemma 7.7. We have the following:
(1) Y I2 (A1 +D6) 6
∼= Y
(b)
2 (A1 +D6).
(2) Y
(a)
2 (E7) 6
∼= Y II2 (E7), Y
VI
2 (E7).
Proof. A general anti-canonical member of Y I2 (A1 +D6) is smooth and anti-canonical
members of Y
(b)
2 (A1+D6) are all singular by Remark 5.5. Hence we have the assertion
(1). Similarly, Remark 5.2 gives the assertion (2). 
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We will show that Y II2 (E7) 6
∼= Y VI2 (E7) in Corollary 7.11. In conclusion, there are 10
isomorphism classes of X with K2X = 2.
Next, we deal with the case where K2X = 3. Then Y = Y3, which is the blow-down
of an NEC in one of Y2 listed in Table 10. The pairs of Y2 and Y3 are listed as in Table
11. We let n be the number of the NECs on Y3.
Table 11.
Y2 Y3 n Y2 Y3 n
Y I2 (A7) Y
I
3 (A1 + A5) 1 Y
VII
2 (A2 + A5) Y
VII
3 (3A2) 0
Y II2 (E7) Y
II
3 (E6) 1 Y
(a)
2 (E7) Y
(a)
3 (E6) 1
Y V2 (A1 +D6) Y
V
3 (A1 + A5) 1 Y
(b)
2 (A1 +D6) Y
(b)
3 (A1 + A5) 1
Y VI2 (E7) Y
VI
3 (E6) 1
Remark 7.8. The isomorphism class of Y I3 (A1 +A5) is independent of the choice of an
NEC because the MW(Y0)-action naturally descends to Y
I
2 (A7), which sends one NEC
to the other.
Lemma 7.9. We have the isomorphisms Y V3 (A1+A5)
∼= Y I3 (A1+A5)
∼= Y
(b)
3 (A1+A5).
Proof. It follows from Lemma 7.6 (1) and (2). 
Lemma 7.10. It holds that Y
(a)
3 (E6)
∼= Y II3 (E6) and Y
(a)
3 (E6) 6
∼= Y VI3 (E6).
Proof. Fix coordinates {x, y, z} of P2k and let C := {x
3 + y2z = 0}. By Remark 5.2,
Y
(a)
3 (E6) is obtained by blowing up six points on C infinitely near t := [0 : 1 : 0]. The
anti-canonical linear system of Y
(a)
3 (E6) corresponds to the linear system Λ of cubic
curves intersecting with C at t with multiplicity at least six. Then Λ = {a(x3+ y2z) +
bz3 + cxz2 + dyz2|[a : b : c : d] ∈ P3k}. It is easy to check that [0 : 1 : 0 : 0] corresponds
to the member 3{z = 0} and the locus of singular members of Λ is {ad = 0}. In
particular, a pencil in Λ passing through [0 : 1 : 0 : 0] either consists of singular
members or contains exactly one singular member, which is 3{z = 0}.
On the other hand, we recall that the configuration of singular fibers of the extremal
rational elliptic surface of type II (resp.VI) is (II∗) (resp. (II∗, I1)), where we use
Kodaira’s notation. Since an elimination of a general pencil in Λ passing through
[0 : 1 : 0 : 0] gives the extremal rational elliptic surface of type II, we conclude that
Y
(a)
3 (E6)
∼= Y II3 (E6). On the other hand, there is no pencil in Λ passing through [0 : 1 :
0 : 0] which contains exactly two singular members. Hence Y
(a)
3 (E6) 6
∼= Y VI3 (E6). 
Corollary 7.11. It holds that Y II2 (E7) 6
∼= Y VI2 (E7)
Proof. Suppose the assertion of the lemma is false. Then Y II3 (E6)
∼= Y VI3 (E6), a con-
tradiction to Lemma 7.10. 
Therefore there are four isomorphism classes of X with K2X = 3.
Next, we deal with the case where K2X = 4. Then Y = Y4, which is the blow-down
of an NEC in one of Y3 listed in Table 11. The pairs of Y3 and Y4 are listed as in Table
12. We let n be the number of the NECs on Y4.
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Table 12.
Y3 Y4 n
Y I3 (A1 + A5) Y
I
4 (2A1 + A3) 0
Y VI3 (E6) Y
VI
4 (D5) 1
Y
(a)
3 (E6) Y
(a)
4 (D5) 1
Lemma 7.12. It holds that Y
(a)
4 (D5) 6
∼= Y VI4 (D5).
Proof. We follow the notation of the proof of Lemma 7.10. Then Y
(a)
4 (D5) is obtained
by blowing up five points on C infinitely near t and the anti-canonical linear system of
Y
(a)
4 (D5) corresponds to the linear system Λ
′ = {a(x3+y2z)+bz3+cxz2+dyz2+ex2z|[a :
b : c : d : e] ∈ P4k}. It is easy to check that [0 : 1 : 0 : 0 : 0] corresponds to the member
3{z = 0} and the locus of singular members of Λ′ is {ad = 0}. In particular, there is
no pencil in Λ′ passing through [0 : 1 : 0 : 0 : 0] which contains exactly two singular
members. Hence Y
(a)
4 (D5) 6
∼= Y VI4 (D5). 
Therefore there are three isomorphism classes of X with K2X = 4.
Finally, we deal with the case where K2X = 5 or 6. When K
2
X = 5, the surface Y is
isomorphic to either Y
(a)
5 (A4) or Y
VI
5 (A4) by Table 12.
Lemma 7.13. It holds that Y
(a)
5 (A4)
∼= Y VI5 (A4).
Proof. We follow the notation of the proof of Lemma 7.10. Then Y
(a)
5 (A4) is obtained
by blowing up four points on C infinitely near t and the anti-canonical linear system
of Y
(a)
5 (A4) corresponds to the linear system Λ
′′ = {a(x3 + y2z) + bz3 + cxz2 + dyz2 +
ex2z + fxyz|[a : b : c : d : e : f ] ∈ P5k}. Since {x
3 + y2z + xyz = 0} is a nodal cubic, an
elimination of the pencil 〈z3, x3 + y2z + xyz〉 ⊂ Λ′′ gives the extremal rational elliptic
surface of type VI. Hence Y
(a)
5 (A4)
∼= Y VI5 (A4). 
By blowing down the unique NEC in Y
(a)
5 (A4), we obtain Y
(a)
6 (A1 + A2).
Now we can prove Theorem 1.7 in the case where p = 2.
Proof of Theorem 1.7 in the case where p = 2. The assertion (1) follows from the
above arguments in this subsection. The assertion (2) will be proved once we prove
the proposition below. 
Proposition 7.14. Let X be a Du Val del Pezzo surface with ρ(X) = 1 and p =
2. If Dyn(X) 6= D8, 2D4, 4A1 + D4, or 8A1, then its isomorphism class is uniquely
determined by its Dynkin type with Artin coindices.
Proof. Take Y → X as the minimal resolution and h : Y → P2k as a birational
morphism. By Theorem 1.7 (1), we may assume that Dyn(X) = D5, E6, E7, A1 +
D6, E8, A1 + E7, or A2 + E6.
First, suppose that Dyn(X) = D5. Fix coordinates {x0, . . . , x4} of P
4. Choosing a
suitable h and calculating h∗| −KX |, we get the equation of X in P
4 as in Table 13.
Next, suppose that Dyn(X) = E6. Fix coordinates {x, y, z, w} of P
3. Choosing a
suitable h and calculating h∗| −KX |, we get the equation of X in P
3 as in Table 14.
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Table 13.
Y equations Dyn(X) with Artin coindices
Y
(a)
4 (D5) x
2
2 + x1x4, x0x1 + x2x4 + x
2
3 D
0
5
Y VI4 (D5) x
2
2 + x1x4, x0x1 + x2x4 + x
2
3 + x2x3 D
1
5
Table 14.
Y equations Dyn(X) with Artin coindices
Y
(a)
3 (E6) wz
2 + x3 + y2z E06
Y VI3 (E6) wz
2 + x3 + y2z + xyz E16
Thirdly, suppose that Dyn(X) = E7 or A1 + D6. Fix coordinates {x, y, z, w} of
P(1, 1, 1, 2) with wt(x) = wt(y) = wt(z) = 1 and wt(w) = 2. Choosing a suitable h
and calculating h∗| − 2KX |, we get the equation of X in P(1, 1, 1, 2) as in Table 15.
Table 15.
Y equations Dyn(X) with Artin coindices
Y
(a)
2 (E7) w
2 + yz3 + xy3 E07
Y II2 (E7) w
2 + yz3 + xy3 + y2w E27
Y VI2 (E7) w
2 + yz3 + xy3 + yzw E37
Y
(b)
2 (A1 +D6) w
2 + y3z + y2z2 + xyz2 + x2z2 A1 +D
0
6
Y I2 (A1 +D6) w
2 + y3z + y2z2 + xyz2 + yzw A1 +D
2
6
Fourthly, suppose that Dyn(X) = E8. Fix coordinates {x, y, z, w} of P(1, 1, 2, 3) with
wt(x) = wt(y) = 1, wt(z) = 2 and wt(w) = 3. Choosing a suitable h and calculating
h∗| − 3KX |, we get the equation of X in P(1, 1, 2, 3) as in Table 16.
Table 16.
Y equations Dyn(X) with Artin coindices
Y
(a)
1 (E8) w
2 + z3 + xy5 E08
Y II1 (E8) w
2 + z3 + xy5 + y3w E38
Y VI1 (E8) w
2 + z3 + xy5 + yzw E48
Finally, suppose that Dyn(X) = A1 + E7 or A2 + E6. Then a suitable choice of
blow-down Y → Y ′ gives the minimal resolution of a del Pezzo surface of Picard rank
one of type E7 or E6 as in Table 17.
Combining these results, we get the assertion. 
7.4. Characteristic three. In this subsection, we treat the case where p = 3. Let
X be a singular Du Val del Pezzo surface with Picard rank one. As in the case where
p = 2, we may assume that K2X ≤ 6. We follow the notation of Lemma 7.2.
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Table 17.
Y Y ′ Dyn(X) with Artin coindices
Y
(c)
1 (A1 + E7) Y
(a)
2 (E7) A1 + E
0
7
Y V1 (A1 + E7) Y
VI
2 (E7) A1 + E
3
7
Y VII1 (A2 + E6) Y
(a)
3 (E6) A2 + E
0
6
Y XI1 (A2 + E6) Y
VI
3 (E6) A2 + E
1
6
We start with the case where K2X = 1. Then Y = Y1, which is the blow-down of a
section in Y0. The pairs of Y0 and Y1 are listed as in Table 18. We let n be the number
of the NECs on Y1.
Table 18.
Type of Y0 Y1 n Type of Y0 Y1 n
I Y I1 (E8) 1 X Y
X
1 (D8) 2
II Y II1 (A8) 2 XI Y
XI
1 (A1 + E7) 1
III Y III1 (A2 + E6) 1 SI Y
SI
1 (A1 + A7) 1
IV Y IV1 (E8) 1 SII Y
SII
1 (2A4) 0
V Y V1 (A1 + E7) 1 SIII Y
SIII
1 (2A1 + 2A3) 0
VI Y VI1 (2D4) 2 (1) Y
(1)
1 (E8) 1
VII Y VII1 (A1 + A2 + A5) 0 (2) Y
(2)
1 (A2 + E6) 1
VIII Y VIII1 (A3 +D5) 1 (3) Y
(3)
1 (4A2) 0
IX Y IX1 (2A1 +D6) 1
By virtue of the MW(Y0)-action, there is one to one correspondence between the
isomorphism classes of Y0 and those of Y1. On the other hand, for each type of Y0,
there is a unique isomorphism class of Y0 except for the case of VI, which has infinitely
many isomorphism classes. Thus we get Theorem 1.7 in the case where K2X = 1 and
p = 3.
Next, we consider the case where K2X = 2. Then Y = Y2, which is the blow-down of
an NEC in one of Y1 listed in Table 18. The pairs of Y1 and Y2 are listed as in Table
19. We let n be the number of the NECs on Y2.
Table 19.
Y1 Y2 n Y1 Y2 n
Y I1 (E8) Y
I
2 (E7) 1 Y
IX
1 (2A1 +D6) Y
IX
2 (3A1 +D4) 0
Y II1 (A8) Y
II
2 (A2 + A5) 1 Y
X
1 (D8) Y
X
2 (A7) 2
Y III1 (A2 + E6) Y
III
2 (A2 + A5) 1 Y
X
1 (D8) Y
X
2 (A1 +D6) 1
Y IV1 (E8) Y
IV
2 (E7) 1 Y
XI
1 (A1 + E7) Y
XI
2 (A1 +D6) 1
Y V1 (A1 + E7) Y
V
2 (A1 +D6) 1 Y
SI
1 (A1 + A7) Y
SI
2 (A1 + 2A3) 0
Y VI1 (2D4) Y
VI
2 (3A1 +D4) 0 Y
(1)
1 (E8) Y
(1)
2 (E7) 1
Y VIII1 (A3 +D5) Y
VIII
2 (A1 + 2A3) 0 Y
(2)
1 (A2 + E6) Y
(2)
2 (A2 + A5) 1
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Analysis similar to that in Remark 7.5 shows that Y II2 (A2 +A5) and Y
VI
2 (3A1 +D4)
are unique up to isomorphism.
Lemma 7.15. We have the following isomorphisms:
(1) Y II2 (A2 + A5)
∼= Y III2 (A2 + A5)
∼= Y
(2)
2 (A2 + A5).
(2) Y V2 (A1 +D6)
∼= Y X2 (A1 +D6)
∼= Y XI2 (A1 +D6).
(3) Y VI2 (3A1 +D4)
∼= Y IX2 (3A1 +D4).
(4) Y VIII2 (A1 + 2A3)
∼= Y SI2 (A1 + 2A3).
Proof. The proof of the assertions run as in [Ye02, Claim 4.5]. 
Lemma 7.16. It holds that Y
(1)
2 (E7)
∼= Y I2 (E7) and Y
(1)
2 (E7) 6
∼= Y IV2 (E7).
Proof. First we recall the construction of Y
(1)
2 (E7). Fix coordinates {x, y, z} of P
2
k and
let C := {x3+y2z = 0}. Then an elimination of the pencil 〈x3+y2z, z3〉 is the rational
quasi-elliptic surface of type (1). Thus Y
(1)
2 (E7) is obtained by blowing up seven points
on C infinitely near t := [0 : 1 : 0] and the anti-canonical linear system of Y
(1)
2 (E7)
corresponds to the linear system Λ = {a(x3 + y2z) + bz3 + cxz2|[a : b : c] ∈ P2k}. It
is easy to check that [0 : 1 : 0] corresponds to the member 3{z = 0} and the locus
of singular members of Λ is {ac = 0}. In particular, a pencil in Λ passing through
[0 : 1 : 0] either consists of singular members or contains exactly one singular member,
which is 3{z = 0}.
On the other hand, we recall that the configuration of singular fibers of the ex-
tremal rational elliptic surface of type I (resp. IV) is (II∗) (resp. (II∗, I1)), where we
use Kodaira’s notation. Since an elimination of a general pencil in Λ passing through
[0 : 1 : 0] gives the extremal rational elliptic surface of type I, we conclude that
Y
(1)
2 (E7)
∼= Y I2 (E7). On the other hand, there is no pencil in Λ passing through [0 : 1 : 0]
which contains exactly two singular members. Hence Y
(1)
2 (E7) 6
∼= Y IV2 (E7) 
In conclusion, there are seven isomorphism classes of X with K2X = 2.
Next, we deal with the case where K2X = 3. Then Y = Y3, which is the blow-down
of an NEC in one of Y2 listed in Table 19. The pairs of Y2 and Y3 are listed as in Table
20. We let n be the number of the NECs on Y3.
Table 20.
Y2 Y3 n Y2 Y3 n
Y II2 (A2 + A5) Y
II
3 (3A2) 0 Y
X
2 (A7) Y
X
3 (A1 + A5) 1
Y IV2 (E7) Y
IV
3 (E6) 1 Y
(1)
2 (E7) Y
(1)
3 (E6) 1
Y V2 (A1 +D6) Y
V
3 (A1 + A5) 1
Analysis similar to that in Remark 7.8 shows that Y X3 (A1 + A5) is unique up to
isomorphism.
Lemma 7.17. We have the isomorphism Y V3 (A1 + A5)
∼= Y X3 (A1 + A5).
Proof. The proof as in [Ye02, Claim 4.5] also works in this case. 
Du Val del Pezzo surfaces in positive characteristic 37
Lemma 7.18. It holds that Y
(1)
3 (E6) 6
∼= Y IV3 (E6).
Proof. We follow the notation of the proof of Lemma 7.16. Then Y
(1)
3 (E6) is obtained
by blowing up six points on C infinitely near t and the anti-canonical linear system of
Y
(1)
3 (E6) corresponds to the linear system Λ
′ = {a(x3+ y2z) + bz3+ cxz2 + dyz2|[a : b :
c : d] ∈ P3k}. It is easy to check that [0 : 1 : 0 : 0] corresponds to the member 3{z = 0}
and the locus of singular members of Λ′ is {ac = 0}. In particular, there is no pencil in
Λ′ passing through [0 : 1 : 0 : 0] which contains exactly two singular members. Hence
Y
(1)
3 (E6) 6
∼= Y IV3 (E6). 
Therefore there are four isomorphism classes of X with K2X = 3.
Finally, we deal with the case where 4 ≤ K2X ≤ 6. When K
2
X = 4, Then Y = Y4 is
listed as in Table 21. We let n be the number of the NECs on Y4.
Table 21.
Y3 Y4 n
Y IV3 (E6) Y
IV
4 (D5) 1
Y V3 (A1 + A5) Y
V
4 (2A1 + A3) 0
Y
(1)
3 (E6) Y
(1)
4 (D5) 1
Lemma 7.19. It holds that Y
(1)
4 (D5)
∼= Y IV4 (D5).
Proof. We follow the notation of the proof of Lemma 7.16. Then Y
(1)
4 (D5) is obtained
by blowing up five points on C infinitely near t and the anti-canonical linear system of
Y
(1)
4 (D5) corresponds to the linear system Λ
′′ = {a(x3+y2z)+bz3+cxz2+dyz2+ex2z|[a :
b : c : d : e] ∈ P4k}. Since {x
3 + y2z + x2z = 0} is a nodal cubic, an elimination of the
pencil 〈z3, x3 + y2z + x2z〉 ⊂ Λ′′ gives the extremal rational elliptic surface of type IV.
Hence Y
(1)
4 (D5)
∼= Y IV4 (D5). 
Therefore there are two isomorphism classes of X with K2X = 4. By blowing down
the unique NEC on Y
(1)
4 (D5), we obtain Y
(1)
5 (A4). Then it also contains a unique NEC,
and the blow-down of this NEC gives Y
(1)
6 (A1 + A2).
Now we can prove Theorem 1.7 in the case where p = 3.
Proof of Theorem 1.7 in the case where p = 3. The assertion (1) follows from the
above arguments in this subsection. The assertion (2) will be proved once we prove
the proposition below. 
Proposition 7.20. Let X be a Du Val del Pezzo surface with ρ(X) = 1 and p = 3. If
Dyn(X) 6= 2D4, then its isomorphism class is uniquely determined by its Dynkin type
with Artin coindices.
Proof. Take Y → X as the minimal resolution and h : Y → P2k as a birational mor-
phism. By Theorem 1.7 (1), we may assume that Dyn(X) = E6, E7, E8, A1 + E7, or
A2 + E6.
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Table 22.
Y equations Dyn(X) with Artin coindices
Y
(1)
3 (E6) wz
2 + x3 + y2z E06
Y IV3 (E6) wz
2 + x3 + y2z + x2z E16
First, suppose that Dyn(X) = E6. Fix coordinates {x, y, z, w} of P
3. Choosing a
suitable h and calculating h∗| −KX |, we get the equation of X in P
3 as in Table 22.
Next, suppose that Dyn(X) = E7. Fix coordinates {x, y, z, w} of P(1, 1, 1, 2) with
wt(x) = wt(y) = wt(z) = 1 and wt(w) = 2. Choosing a suitable h and calculating
h∗| − 2KX |, we get the equation of X in P(1, 1, 1, 2) as in Table 23.
Table 23.
Y equations Dyn(X) with Artin coindices
Y
(1)
2 (E7) w
2 + yz3 + xy3 E07
Y IV2 (E7) w
2 + yz3 + xy3 + y2z2 E17
Thirdly, suppose that Dyn(X) = E8. Fix coordinates {x, y, z, w} of P(1, 1, 2, 3) with
wt(x) = wt(y) = 1, wt(z) = 2 and wt(w) = 3. Choosing a suitable h and calculating
h∗| − 3KX |, we get the equation of X in P(1, 1, 2, 3) as in Table 24.
Table 24.
Y equations Dyn(X) with Artin coindices
Y
(1)
1 (E8) w
2 + z3 + xy5 E08
Y I1 (E8) w
2 + z3 + xy5 + y4z E18
Y IV1 (E8) w
2 + z3 + xy5 + y2z2 E28
Finally, suppose that Dyn(X) = A1 + E7 or A2 + E6. Then a suitable choice of
blow-down Y → Y ′ gives the minimal resolution of a del Pezzo surface of Picard rank
one of type E7 or E6 as in Table 25.
Table 25.
Y Y ′ Dyn(X) with Artin coindices
Y V1 (A1 + E7) Y
(1)
2 (E7) A1 + E
0
7
Y XI1 (A1 + E7) Y
IV
2 (E7) A1 + E
1
7
Y
(2)
1 (A2 + E6) Y
(1)
3 (E6) A2 + E
0
6
Y III1 (A2 + E6) Y
IV
3 (E6) A2 + E
1
6
Combining these results, we get the assertion. 
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8. Proof of Theorem 1.8
In this section, we discuss what F -splittings bring to Du Val del Pezzo surfaces. An
F -splitting is expected to induce similar properties to those of varieties in characteristic
zero. As a result, we prove that no F -split Du Val del Pezzo surfaces satisfy (NB).
Definition 8.1 ([HR76, MR85]). Let X be a normal variety. We say that X is (glob-
ally) F -split if the Frobenius map OX → F∗OX splits as an OX -module homomor-
phism. We say that X has F -pure singularities if there exists an affine open covering
{Ui} of X such that Ui is F -split for each i. We call σ ∈ HomOX (F∗OX ,OX)
∼=
H0(X,OX((1− p)KX)) as a splitting section if σ induces a splitting of OX → F∗OX .
Remark 8.2. (1) By definition, F -split varieties have F -pure singularities.
(2) Let f : X → Y be a projective morphism between normal varieties such that
f∗OX = OY . If X is F -split, then so are Y and a general f -fiber. The latter
assertion follows from [GLP+15, Corollary 2.5] and the argument of [ibid, Proof
of Theorem 2.1].
(3) Let π : Y → X be a birational projective morphism between normal Q-
Gorenstein varieties such that f ∗KX −KY is Q-effective. If X is F -split, then
so is Y (see [HWY02, Proposition 1.4]). In particular, the minimal resolution
of a normal surface preserves the F -splitting property.
(4) Let X be a smooth F -split variety and Z be a closed subscheme of codimension
d. If the member Σ ∈ |(1 − p)KX | which corresponds to a splitting section
satisfies multZ(Σ) ≥ (d − 1)(p − 1), then the blow-up along Z preserves the
F -splitting property (see [LMP98, Proposition 2.1 (a)]).
Now we prove Theorem 1.8.
Proof of Theorem 1.8. By Theorem 2.5 (3), we may assume that p = 2 or 3. Take
π : Y → X as the minimal resolution. Then Y is F -split by Remark 8.2 (3).
First, we consider the case where p = 2. Then there is a member Σ ∈ |−KY | which
corresponds to a splitting section.
Suppose that K2X = 1. Take g : Z → Y as the blow-up at the base point y of |−KY |.
Then Z has a (quasi-)elliptic fibration structure f : Z → P1k. Since y ∈ Σ, Remark
8.2 (2) and (4) now show that Z is also F -split and so is a general f -fiber. Since
cusp singularities are not F -pure by [GW77, Theorem 1.1], a general f -fiber must be
smooth. Then analysis similar to that in the proof of Proposition 4.1 shows that a
general anti-canonical member of X is smooth.
For the case where K2X = 2, we can reduce to the case where K
2
X = 1 by blowing up
at a point in Σ which is not contained in any (−2)-curve on Y .
Next, we treat the case where p = 3. By Theorem 1.3, it suffices to show that X is
not isomorphic to X(E8), X(A2 + E6), or X(4A2) satisfying (NB). By Tables 24 and
25, the surfaces X(E8) and X(A2 + E6) satisfying (NB) have E
0
8 and E
0
6 -singularities
respectively, which are not F -pure by the Fedder criterion [Fed83]. In particular, they
are not F -split and it remains to exclude the case where X = X(4A2).
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Conversely, suppose that X = X(4A2). Then it is not log liftable by Proposition
6.4 and we have H0(Y,ΩY (logEpi)⊗ ωY ) = H
2(Y, TX(− logEpi)) 6= 0 by Lemma 2.3, a
contradiction with [Kaw19, Proposition 4.5].
Combining these results, we complete the proof. 
Remark 8.3. A normal surface X with only Du Val singularities of negative Kodaira
dimension satisfies H2(X, TX) = 0 if it is F -split. Indeed, in the proof of Proposition
6.7, we use the assumption that p > 3 only for the smoothness of general anti-canonical
members of Du Val del Pezzo surfaces. Therefore we can drop the assumption that
p > 3 if X is F -split by Theorem 1.8 and Remark 8.2 (2).
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